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Abstract Within thecontext of hierarchicalscenariosof gravitationalstructureformation
we describehow an evolving hierarchyof voids evolves on the basisof two
processes,the void-in-voidprocessandthe void-in-cloudprocess.The related
analyticalformulation in termsof a two-barrier excursionproblemleadsto a
self-similarlyevolving peakedvoid sizedistribution.

1. Introduction: Excursions

Hierarchicalscenariosof structureformationhave beenvery succesfullin un-
derstandingtheformationhistoriesof gravitationally boundvirialized haloes.
Particularlycompellinghasbeentheformulationof a formalismin which the
collapseandvirialization of overdensedarkmatterhaloswithin thecontext of
hierarchicalclusteringcanbetreatedonafully analyticalbasis.Thisapproach
wasoriginally proposedby Press& Schechter(1974),which founda particu-
larly usefulandversatileformulationandmodificationin thetheexcursionset
formalism(Bondet al. 1991).

It is basedontheassumptionthatfor astructureto reachaparticularnonlin-
earevolutionarystage,suchascompletegravitationalcollapse,thesolecondi-
tion is that its linearly extrapolatedprimordial densityshouldattaina certain
value.Thecanonicexampleis thatof asphericaltophatoverdensitycollapsing
onceit reachesthe collapsebarrier

���	��
�����
. The successive contributions

to the local densityby perturbationson a (mass)resolutionscale ��� maybe
representedin termsof a densityperturbationrandomwalk, thecumulative of
all densityfluctuationsat a resolutionscalesmallerthan ��� . By identifying
thelargestscaleatwhichthedensitypassesthroughthebarrier

���
it is possible

(1) to infer at any cosmicepochthemassspectrumof collapsedhalosand(2)
to reconstructthemerging historyof eachhalo(seeFig. 2, top right).

In thisstudywedemonstratethatalsotheformationandevolution of foam-
likepatternsasaresultof thegravitationalgrowth of primordialdensitypertur-
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Figure 1. Illustration of the two essential“void hierarchymodes”: (top) the void-in-void
process(top), with a void growing throughthe merging of two or more subvoids; (bottom)
thevoid-in-cloudprocess:a void demolishedthroughthegravitational collapseof embedding
region.

bationsis liable to a succesfulldescriptionby theexcursionsetanalysis.This
is accomplishedby resortingto a complementaryview of clusteringevolution
in which we focuson theevolution of thevoidsin theMegaparsecgalaxyand
matterdistribution, spatiallyth«e dominantcomponent.An extensive descrip-
tion of this work canbe found in Sheth& VandeWeygaert(2003,MNRAS,
submitted).

2. Void Evolution: the two processes

Primordialunderdensitiesarethe progenitorsof voids. Becauseunderdensi-
tiesareregionsof suppressedgravitationalattraction,representinganeffective
repulsive gravity, matterflows out of their interior andmovesoutward to the
edgesof theseexpandingvoids. Voidsexpand, becomeincreasinglyemptyand
develop an increasinglysphericalshape(Icke 1984). Matter from the void’s
interiorpilesupneartheedge:usuallyaridgeformsaroundthevoid’s rim and
at a characteristicmomentthe void’s interior shellstake over the outerones.
At thisshell-crossingepochthevoid reachesmaturityandbecomesanonlinear
objectexpandingself-similarly, the implicationbeingthat themajority of ob-
servedvoidsis ator nearthisstage(Blumenthaletal. 1992).As voidsdevelop
from underdensitiesin theprimordialcosmicdensityfield, theinteractionwith
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internalsubstructureandexternalsurroundingstructurestranslatesinto a con-
tinuing processof hierarchicalvoid evolution (Dubinski et al. 1993,Van de
Weygaert& VanKampen1993).

Theevolution of voidsresemblesthatof darkhalosin thatlargevoidsform
from mergersof smallervoids that have maturedat an earlier cosmictime
(Fig. 1, top row). However, in contrastto darkhalos,thefateof voidsis ruled
by two processes.Crucial is the realizationthat the evolving void hierarchy
doesnot only involve the void-in-voidprocessbut alsoan additionalaspect,
the void-in-cloudprocess. Small voids may not only merge into larger en-
compassingunderdensities,they may also disappearthroughcollapsewhen
embeddedwithin a largerscaleoverdensity(Fig. 1, bottomrow). In termsof
theexcursionsetapproach, it meansthattheone-barrierproblemfor thehalo
populationhasto beextendedto a morecomplex two-barrier problem. Voids
not only shouldascertainthemselvesof having decreasedtheir densitybelow
thevoidbarrier

���
of theshell-crossingtransition.For theirsurvival andsheer

existenceit is crucial that they take into accountwhetherthey arenot situated
within a collapsingoverdensityon a larger scalewhich crossedthe collapse
barrier

���
. They shouldfollow arandomwalk pathlike type“3” in Fig. 2 (bot-

tom right), ratherthanthe void-in-cloudpath“4”. The repercussionsof this
arefar-reachingandit leadsto amajormodificationof thevoid propertiesand
distribution.

Figure 2. Left: Void Size Probability Functionfor variousvaluesof the void-and-cloud
parameter��������� : 1/2 (shortdashed),1 (dashed),2 (dot-dashed),and � (solid). For reference,
the dottedcurves are predictionsby the “adaptive peaksmodel” of Appel & Jones(1990).
Right: ExcursionSetRandomWalks, local density ���! #" asfunction of massresolution $&% .
Clearly, thefluctuationsarelargerasresolution$ % increases.(Top)Haloformation.Horizontal
dashedbaris thecollapsebarrier �'� . (Bottom)Fateof void V2, illustratedby 2 possiblerandom
walks: curve “4” is a void-in-cloudprocess,curve “3” a void-in-voidprocess.
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3. Void Distribution: Universal, Peaked and Self-Similar

Analytically, the resulting expressionfollows by evaluating the fraction of
walkswhichfirst cross

�)(
at � , andwhichdonot cross

��*
until afterthey have

crossed
�)(

(Sheth& VandeWeygaert2003). An insightful approximationof
thisdistribution, in termsof the“self-similar” void density +-, � �(&. � is
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in whichthe H ,Q1 G �)( G . 1 ��* @ �)( 4 parameterizesthetherelative impactof void
andhaloevolution on thehierarchicallyevolving populationof voids.

Theresultingdistributions,for variousvaluesof H , areshown in Figure2
(left). Thevoid sizedistribution is clearlypeakedabouta characteristicsize:
thevoid-in-cloudmechanismis responsiblefor thedemiseof asizeablepopu-
lation of smallvoids. Thehalomassdistribution divergestowardssmallscale
masses,sothatin termsof numbersthehalopopulationis dominatedby small
massobjects.Thevoid population,on theotherhand,is “void” of smallvoids
andhasasharpsmall-scalecut-off.

Four additionalmajor observationsreadily follow from this analysis: ( R )
At any one cosmicepochwe may identify a characteristic void sizewhich
alsoexplainswhy in thepresent-dayfoamlike spatialgalaxydistribution voids
of S 7T @VU T&WFX � Mpc arethe predominantfeature;( R ) The void distribution
evolvesself-similarlyandthecharacteristicvoid sizeincreaseswith time: the
largervoidspresentat latetimesformedfrom mergersof smallervoidswhich
constitutedthe dominatingfeaturesat earlierepochs(Fig. 1, top panels);( R )
Volumeintegrationshows that at any given time the populationof voidsap-
proximatelyfill space, apparentlysqueezingthemigratinghigh-densitymatter
in betweenthem; ( R ) As the sizeof the major shareof voids will be in the
order of that of the characteristicvoid size this observation implies that the
cosmicmatterdistribution resemblesa foamlike packing of sphericalvoidsof
approximatelysimilar sizeandexcessexpansionrate.

In all, aslightextensionandelaborationontheoriginalextensionformulism
enablesthe framing of an analytical theory explaining how the characteris-
tic observed weblike Megaparsecscalegalaxy distribution, and the equiva-
lent frothy spatialmatterdistribution seento form in computersimulationsof
cosmicstructureformation,arenaturalproductsof a hierarchicalprocessof
gravitationalclustering.A continuouslyevolving hierarchyof voidsproduces
a dynamicalfoamlike patternwhosecharacteristicdimensiongrows continu-
ously alongwith the evolution of cosmicstructure,a Universewhich at any
onecosmicepochis filled with bubbleswhosesizecorrespondsto the scale
just reachingmaturity.


