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1 Introduction
One of the most striking examples of a physical system displaying a salient geo-
metrical morphology, and the largest in terms of sheer size, is the Universe as a
whole. The past few decades have revealed that on scales of a few up to more than
a hundred Megaparsec, the galaxies conglomerate into intriguing cellular or weblike
patterns that pervade the observable cosmos.

The key structural components of the galaxy and cosmic mass distribution (see
fig. 1),

• Clusters
• Filaments
• Sheets/Walls
• Voids

are not merely randomly and independently scattered features. On the contrary, they
have arranged themselves in a seemingly highly organized and structured fashion, the
Cosmic Foam or Cosmic Web. They are woven into an intriguing foamlike tapestry
that permeates the whole of the explored Universe. The vast under-populated void re-
gions in the galaxy distribution represent both contrasting as well as complementary
spatial components to the surrounding planar and filamentary density enhancements.
At the intersections of the latter we often find the most prominent density enhance-
ments in our universe, the rich clusters of galaxies (see fig. 1).

In these notes we will delve into the observational and morphological aspects
of the Cosmic Web. In the accompanying manuscript (van de Weygaert & Bond,
2005) we have presented the theory behind the emergence of the Cosmic Web from
the pristine near-uniform Universe. The theoretical framework of Cosmic Web has
to be confronted with the information obtained from a variety of sources. On the
observational side the cosmic web has first been seen in redshift maps of the spatial
galaxy distribution. The recent success in mapping the spatial weblike dark matter
distribution by means of weak lensing observations forms a breakthrough for our
understanding of the large-scale dynamics. Equally important sources of information
concern the Lyα forest and the WHIM, the imprint of the gaseous material that fell
into the weblike structures defined by the dark matter distribution. Two aspects of the
large scale universe do play a special role in our study. Clusters of galaxies are the
prime objects in defining the pattern and structure of the Cosmic Web. On the other
hand we have the large voids as important structural and dynamical components.
They are of prime significance for the morphology of the large scale Universe.

2 The Emergence of the Cosmic Web

Towards the end of the seventies a set of new observations did start to unveil the
existence of coherent structures larger than that of clusters of galaxies. With the
review of Oort (1983) the supercluster paradigm established itself as the new view
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Fig. 1. The Cosmic Web. The image shows the weblike patterns traced by the Dark Matter
distribution, at the present epoch, in a Universe based on a ΛCDM scenario. It concerns an
N-body simulation in a box of 200h−1 Mpc size. The three boxes indicate examples of the
main structure components of the Cosmic Web. Amongst others, the image clarifies the mu-
tual spatial relationship between these elements. Low-density and low contrast walls are less
prominent than the outstanding filamentary channels which define the texture of the Cosmic
Web. Near the intersection points of filaments and sheets we find high-density cluster nodes.
The figures demonstrates the significance of the concept “Cosmic Web”. Image courtesy of
Miguel Aragón-Calvo, see Aragón-Calvo 2007.

of the large scale distribution of matter and galaxies in the Universe. It had gradually
emerged as a result of various early galaxy redshift surveys of nearby regions in
the Universe (e.g. Chincarini & Rood, 1975; Gregory & Thompson, 1978; Einasto,
Joeveer & Saar, 1980) and put on a firm fotting with the completion of the first
systematic and large redshift survye, the CfA1 survey (Davis et al., 1982). Along
with these efforts came the unexpected finding of the first example of large cosmic
voids, the Bootes void (Kirshner et al., 1981).

2.1 Galaxies and the Cosmic Web

It was the celebrated map of the first CfA redshift slice (de Lapparent, Geller &
Huchra, 1986) that showed the connection between the basic elements of the Cosmic
Web that was going to emerge in the more complete picture. While it provided an ini-
tial hint of the existence of the Cosmic Web it was so thin that it was not immediately
clear what its true nature was, whether it were bubbles, pancakes, or something else.
In recent years this view has been expanded dramatically to the present grand vistas
offered by the 100,000s of galaxies in the 2dF – two-degree field – Galaxy Redshift
Survey, the 2dFGRS (e.g. Colless et al., 2003), and SDSS (Tegmark et al., 2004)
galaxy redshift surveys.3. These and many other redshift surveys have unequivocally
established that galaxies are located in dense, compact clusters, in less dense fila-
ments, and in sheetlike walls surrounding vast, almost empty regions called voids,
the structural components of the Cosmic Web.

The first impressions of a weblike galaxy distribution seen in the shallow CfA2
redshift slices got firmly established as a universal cosmic phenomenon through the
publication of the results of the Las Campanas redshift survey (LCRS Shectman et
al., 1996). Its chart of 26,000 galaxy locations in six thin strips on the sky, extend-
ing out to a redshift of z ∼ 0.1, did provide the first impression of structure in a
truely cosmologically representative volume of space. The Las Campanas redshift
survey confirmed the ubiquity and reality of weblike patterns over vast reaches of
our Universe. Also important was that it did not show any strong evidence of inho-
mogeneities surpassing sizes of 100 − 200h−1Mpc.

This is most dramatically illustrated by the map 2dFGRS and SDSS maps. The
published maps of the distribution of nearly 250,000 galaxies in two narrow “slice”

3 See http://www.mso.anu.edu.au/2dFGRS/ and http://www.sdss.org/
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Fig. 2. SDSS is the largest and most systematic sky survey in the history of astronomy. It is a
combination of a sky survey in 5 optical bands of 25% of the celestial (northern) sphere. Each
image is recorded on CCDs in these 5 bands. On the basis of the images/colours and their
brightness a million galaxies are subsequently selected for spectroscopic follow-up. The total
sky area covered by SDSS is 8452 square degrees. Objects will be recorded to mlim = 23.1. In
total the resulting atlas will contain 108 stars, 108 galaxies and 105 quasars. Spectra are taken
of around 106 galaxies, 105 quasars and 105 unusual stars (in our Galaxy). Of the 5 public data
releases 4 have been accomplished, ie. 6670 square degrees of images is publicly available,
along with 806,400 spectra. In total, the sky survey is now completely done (107%), the spec-
troscopic survey for 68%. This image is taken from a movie made by Subbarao, Surendran &
Landsberg (see website: http://astro.uchicago.edu/cosmus/projects/sloangalaxies/). It depicts
the resulting redshift distribution after the 3rd public data release. It concerns 5282 square
degrees and contained 528,640 spectra, of which 374,767 galaxies.

Fig. 3. Equatorial view of the 2MASS galaxy catalog (6h RA at centre). The grey-scale rep-
resents the total integrated flux along the line of sight – the nearest (and therefore brightest)
galaxies produce a vivid contrast between the Local Supercluster (centre-left) and the more
distant cosmic web. The dark band of the Milky Way clearly demonstrates where the galaxy
catalog becomes incomplete due to source confusion. Some well known large-scale structures
are indicated: P-P=Perseus-Pisces supercluster; H-R=Horologium-Reticulum supercluster; P-
I=Pavo-Indus supercluster; GA=‘Great Attractor’; GC=Galactic Centre; S-C=Shapley Con-
centration; O-C=Ophiuchus Cluster; Virgo, Coma, and Hercules=Virgo,Coma and Hercules
superclusters. The Galactic ‘anti-centre’ is front and centre, with the Orion and Taurus Gi-
ant Molecular Clouds forming the dark circular band near the centre. Image courtesy of J.H.
Jarrett. Reproduced with permission from the Publications of the Astronomical Society of
Australia 21(4): 396-403 (T.H. Jarrett). Copyright Astronomical Society of Australia 2004.
Published by CSIRO PUBLISHING, Melbourne Australia.
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Fig. 4. The CfA Great Wall (bottom slice, Geller & Huchra 1989) compared with the Sloan
Great Wall (top slice). Both structures represent the largest coherent structural in the galaxy
redshift surveys in which they were detected, the CfA redshift survey and the SDSS redshift
survey. The (CfA) Great Wall is a huge planar concentration of galaxies with dimensions
that are estimated to be of the order of 60h−1 × 170h−1 × 5h−1 Mpc. Truely mindboggling is
the Sloan Great Wall, a huge conglomerate of clusters and galaxies. With a size in the order
of 400h−1Mpc it is at least three times larger than the CfA Great Wall. It remains to be seen
whether it is a genuine physical structure or mainly a stochastic arrangement and enhancement,
at a distance coinciding with the survey’s maximum in the radial selection function. Image
courtesy of M. Jurić, see also Gott et al. 2005. Reproduced by permission of the AAS.

regions on the sky yielded by the 2dFGRS surveys reveal a far from homogeneous
distribution. Instead, we recognize a sponge-like arrangement, with galaxies ag-
gregating in striking geometric patterns such as prominent filaments, vaguely de-
tectable walls and dense compact clusters on the periphery of giant voids4. The three-
dimensional view emerging from the SDSS redshift survey provides an even more

4 It is important to realize that the interpretation of the Megaparsec galaxy distribution is
based upon the tacit yet common assumption that it forms a a fair reflection of the underly-
ing matter distribution. While there are various indications that this is indeed a reasonable
approximation, as long as the intricate and complex process of the formation of galaxies
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Fig. 5. The cosmic web at high redshifts: a prominent weblike features at a redshift z ∼
3.1 found in a deep view obtained by the Subaru telescope. Large scale sky distribution of
283 strong Lyα emitters (black filled circles), the Lyα absorbers (red filled circles) and the
extended Lyα emitters (blue open squares). The dashed lines indicate the high-density region
of the strong Lyα emitters. From Hayashino et al. 2004. Reproduced by permission of the
AAS.

convincing image of the intricate patterns defined by the cosmic web (fig. 1). A care-
ful assessment of the galaxy distribution in our immediate vicintiy reveals us how we
ourselves are embedded and surrounded by beautifully delineated and surprisingly
sharply defined weblike structures. In particular the all-sky nearby infrared 2MASS
survey (see fig. 3) provides us with a meticulously clear view of the web surrounding
us.

has not been properly understood this should be considered as a plausible yet heuristic
working hypothesis.
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The cosmic web is outlined by galaxies populating huge filamentary and wall-like
structures, the sizes of the most conspicuous one frequently exceeding 100h−1 Mpc.
The closest and best studied of these massive anisotropic matter concentrations can
be identified with known supercluster complexes, enormous structures comprising
one or more rich clusters of galaxies and a plethora of more modestly sized clumps
of galaxies. A prominent and representative nearby specimen is the Perseus-Pisces
supercluster, a 5h−1 wide ridge of at least 50h−1 Mpc length, possibly extending out
to a total length of 140h−1 Mpc. While such giant elongated structures are amongst
the most conspicuous features of the Megaparsec matter distribution, filamentary
features are encountered over a range of scales and seem to represent a ubiquitous
and universal state of concentration of matter. In addition to the presence of such fil-
aments the galaxy distribution also contains vast planar assemblies. A striking local
example is the Great Wall, a huge planar concentration of galaxies with dimensions
that are estimated to be of the order of 60h−1×170h−1×5h−1 Mpc (Geller & Huchra,
1989). In both the SDSS and 2dF surveys even more impressive planar complexes
were recognized, with dimensions substantially in excess of those of the local Great
Wall. At the moment, the socalled SDSS Great Wall appears to be the largest known
structure in the Universe (see fig. 4).

2.2 Cosmic Nodes: Clusters

Within and around these anisotropic features we find a variety of density condensa-
tions, ranging from modest groups of a few galaxies up to massive compact galaxy
clusters. The latter stand out as the most massive, and most recently, fully collapsed
and virialized objects in the Universe. Approximately 4% of the mass in the Universe
is assembled in rich clusters. They may be regarded as a particular population of cos-
mic structure beacons as they typically concentrate near the interstices of the cosmic
web, nodes forming a recognizable tracer of the cosmic matter distribution (Borgani
& Guzzo, 2001). Clusters not only function as wonderful tracers of structure over
scales of dozens up to hundred of Megaparsec but also as useful probes for precision
cosmology on the basis of their unique physical properties.

The richest clusters contain many thousands of galaxies within a relatively small
volume of only a few Megaparsec size. For instance, in the nearby Virgo and Coma
clusters more than a thousand galaxies have been identified within a radius of a
mere 1.5h−1 Mpc around their core (see fig. 2.2). Clusters are first and foremost
dense concentrations of dark matter, representing overdensities ∆ ∼ 1000. In a sense
galaxies and stars only form a minor constituent of clusters. The cluster galaxies are
trapped and embedded in the deep gravitational wells of the dark matter. These are
identified as a major source of X-ray emission, emerging from the diffuse extremely
hot gas trapped in them. While it fell into the potential well, the gas got shock-heated
to temperatures in excess of T > 107 K, which results in intense X-ray emission due
to the bremsstrahlung radiated by the electrons in the highly ionized intracluster gas.
In a sense clusters may be seen as hot balls of X-ray radiating gas. The amount
of intracluster gas in the cluster is comparable to that locked into stars, and stands
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Fig. 6. Comparison of optical and X-ray images of the Coma cluster, A1656. The cluster is
at a distance of ≈ 70h−1 Mpc. Left: optical image of the galaxies in the centre of the Coma
cluster. The Coma cluster contains more than 1000 galaxies within a central region of ≈ 1.5h−1

Mpc, mostly elliptical and SO galaxies. Clearly visible are the two dominant giant elliptical
galaxies, NGC4878 and NGC4889. The colour image was created from 3 separate exposures
taken in blue, red and near-infrared, with the KPNO 0.9m telescope (courtesy of Omar López-
Cruz). Right: ROSAT X-ray image at 0.5-2.0 keV.of the central region of the Coma cluster
(courtesy: S.L. Snowden, NASA/GSFC). The image is ≈ 1◦ × 1◦, corresponding to a size of
1.2h−1 Mpc at the cluster’s redshift z = 0.0232.

for ΩICM ∼ 0.0018 (Fukugita & Peebles, 2004). The X-ray emission represents a
particularly useful signature, an objective and clean measure of the potential well
depth, directly related to the total mass of the cluster (see e.g. Reiprich & Böhringer,
1999). Through their X-ray brightness they can be seen out to large cosmic depths.
The deep gravitational dark matter wells also strongly affects the path of passing
photons. While the resulting strong lensing arcs form a spectacular manifestation,
it has been the more moderate distortion of background galaxy images in the weak
lensing regime (Kaiser, 1992; Kaiser & Squires, 1993) which has opened up a new
window onto the Universe. The latter has provided a direct probe of the dark matter
content of clusters and the large scale universe (for a review see e.g. Mellier, 1999;
Refregier, 2003) (also see sect. 2.4).

Cluster Catalogs

The Abell catalogue of optically identified galaxy clusters (Abell, 1958; Abell et al.,
1989) has fulfilled a central role for the study of clusters and their large scale matter
distribution on scales of several tens of Megaparsec (see Bahcall, 1988). With the
arrival of large new galaxy redshift surveys deep and objectively identified cluster
samples have opened a plethora of elaborate, detailed and systematic studies of the
cluster population. Cluster samples extracted from the SDSS survey (Miller et al.,
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Fig. 7. The spatial cluster distribution. The full volume of the X-ray REFLEX cluster survey
within a distance of 600h−1Mpc. The REFLEX galaxy cluster catalogue (Böhringer et al.
2001), contains all clusters brighter than an X-ray flux of 3×10−12ergs−1cm−2 over a large part
of the southern sky. The missing part of the hemisphere delineates the region highly obscured
by the Galaxy. Courtesy: Borgani & Guzzo (2001). Reproduced by permission of Nature.

2005; Berlind et al., 2006; Rozo et al., 2007) will continue to play a large role. New
and objective cluster detection techniques have improved the range and complete-
ness of the cluster samples while minimizing projection effects (Gladders & Yee,
2000; Miller et al., 2005; Kim et al., 2002). Projection effects may evoke false de-
tections and contaminate studies of the cluster large scale distribution. Amongst the
most promising methods for optical or NIR cluster detection is that of red-sequence
detection (Gladders & Yee, 2000), in which clusters are simultaneously detected as
overdensities in projected angular position, colour and magnitude. It uses the obser-
vational fact that the bulk of the early-type galaxies in rich clusters lie along a lin-
ear and narrow colour-magnitude relation (López-Cruz, 1997; Yee & López-Cruz,
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1999). The Red-Sequence Cluster Survey (RCS) seeks to exploit this observation to
compose a large catalog of clusters. Extrapolating cluster detection towards the NIR,
Kochanek et al. (2003) assembled a cluster catalog from the 2MASS galaxy sample.
Other cluster samples are selected through their X-ray emission, believed to represent
a more robust manner for selecting mass-limited samples. Particularly noteworthy
is the ROSAT-ESO Flux Limited X-ray catalog (REFLEX Böhringer et al., 2001),
which contains all clusters brighter than an X-ray flux of 3 × 10−12ergs−1cm−2 over
a large part of the southern sky. In addition there is the RASS X-ray selected SDSS
cluster sample (Popessu et al., 2004), combining both optical and X-ray selection
criteria. Recently, within the context of the Deep Lens Survey, Wittman et al. (2006)
presented the first cluster sample on the basis of their weak gravitational lensing
signature. Perhaps potentially most promising is the use of the Sunyaev-Zel’dovich
effect, the small CMB spectral distortion caused by the scattering of the CMB pho-
tons off the high-energy intracluster electrons (Sunyaev & Zel’dovich, 1970, 1972).
Carlstrom et al. (2002) and Vale & White (2006) proposed the construction of clus-
ter catalogs using the SZ effect. While the Planck satellite mission will certainly
be a major step forward in the detection of SZ clusters, optimism has been slightly
tempered by the recent result of Lieu et al. (2006). Within the WMAP observations
centered on 31 clusters they found a CDM decrement which was at least a factor 4
smaller than expected.

Cluster Clustering

Through their high visibility clusters can be traced out to vast distances in the Uni-
verse. Following the basic assumption that they are a fair and direct, be it sparse,
tracer of the underlying matter distribution clusters are ideally suited for probing
the spatial matter distribution over large regions of space. Maps of their distribution
contain information on spatial clustering on scales of up to hundreds of Megaparsec.
A large range of observational studies, mostly based on optically or X-ray selected
samples, display a substantial level of clumping of clusters on scales where clus-
tering in the galaxy distribution has diminished below detectability levels. A wide
range of observational studies on the basis of such optically selected samples have
shown that the clustering of clusters is significantly more pronounced than that of
galaxies. Their two-point correlation function has a shape similar to that of galaxies,
but with a substantially higher amplitude and detectable out to distances of at least
∼ 50h−1Mpc.

A good impression of the spatial distribution of rich clusters may be obtained
from fig. 2.2 (from Borgani & Guzzo, 2001). It shows the spatial distribution of the
clusters in the REFLEX galaxy cluster catalogue (Böhringer et al., 2001). Maps such
as these confirm that clusters are highly clustered (Bahcall, 1988; Borgani & Guzzo,
2001). They aggregate to form huge supercluster complexes, coinciding with the
filaments, walls and related features in the galaxy distribution. These superclusters
are moderate density enhancements on scale of tens of Megaparsec, typically in the
order of a few times the average density. Either they are still co-expanding with
the Hubble flow, be it at a slightly decelerated rate, or they just started contracting.
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Fig. 8. Schematic X-ray cluster dipole profile. Clusters associations are grouped by symbol
shading to highlight their impact on the overall dipole amplitude. Abell and CIZA clusters
begin with letters “A” and “C”. Acronyms are: GA/Great Attractor, Hor-Ret/Horologium-
Reticulum, Per-Peg/Perseus-Pegasus. Image courtesy: Kocevski & Ebeling, 2006. Reproduced
by permission of AAS.

Within these structures clusters reside at the dense intersections of filaments, along
which mass drains into the massive clusters (van Haarlem & van de Weygaert, 1993).

Cluster Dipole

Clusters may also provide a better and more extensive view of the contributions to
the local gravitational force field by comparing the inferred Local Group motion to
the CMB dipole. Scaramella et al. (1991) and Plionis & Valdarnini (1991) sought to
establish by means of the cluster distribution within a distance of r ≈ 300h−1Mpc
whether the origin of our cosmic motion should be located within this volume, or
whether there are indications for even larger cosmic structures. Interestingly, the re-
cent result by (Kocevski & Ebeling, 2006) appears to suggest that X-ray selected
clusters in the nearby Universe indicate a significantly larger dynamical influence
of structures over scales of 150h−1Mpc than previously indicated by similar dipole
studies on the basis of the IRAS Point Source Catalog Redshift survey (PSCz, see
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e.g. Branchini et al., 2001) and the dipole anisotropy of the 2MASS Redshift sur-
vey (Erdoğdu et al., 2006). The latter find that mass structures beyond a distance
of 140h−1Mpc only induce a negligible acceleration on the Local Group. Using the
combined X-ray REFLEX, eBCS (Ebeling et al., 2000) and CIZA samples, Kocevski
& Ebeling (2006) came to the conclusion that only 44% of the local motion is due
to infall into the Great Attractor region while 56% is induced by more distant mass
concentrations between 130h−1Mpc and 180h−1Mpc away. The Shapley superclus-
ter, one of the largest concentrations of clusters out to z = 0.12, is responsible for
at least 30% of the acceleration induced by structures beyond 130h−1Mpc. Also
the Horologium-Reticulum supercluster is found to have a substantial impact. The
schematic dipole profile (fig. 2.2) indeed provides an enticing insight into the implied
local cosmic dynamics. Also interesting is the presence of a significant underdensity
in the cluster distribution on the nother hemisphere, at a distance ∼ 150h−1Mpc.

Cluster Bias

The results on the strong clustering of clusters motivated theoretical arguments for
the idea of them forming a biased tracer of the matter distribution. The first sim-
ple linear biasing prescriptions were justified by the idea that clusters form from
high-density peaks in the primordial density field, filtered over an appropriately large
scale (Kaiser, 1984; Bardeen et al., 1986). Biasing prescriptions may incorporate or
quantify an array of complex and usually ununderstood “gastrophysical” processes
(Dekel & Rees, 1987). However, to understand the influence on clustering it may
suffice to derive a heuristic bias factor of function. The value of a simple (linear)
bias factor would be a function of cluster mass, structure formation scenario and
cosmic epoch. Following up on the original peak bias idea (Kaiser, 1984; Bardeen et
al., 1986), an array of more sophisticated theoretical bias model have been proposed.
Seeking to describe and analyze the bias of different species of galaxies as well as of
clusters, these modifications elaborated upon this idea and increased the realism of
the approximation (Mo & White, 1996; Matarrese et al., 1997; Tegmark & Peebles,
1998; Dekel & Lahav, 1999; Basilakos & Plionis, 2001).

2.3 Cosmic Depressions: the Voids

Complementing this cosmic inventory leads to the existence of large voids, enormous
regions with sizes in the range of 20 − 50h−1 Mpc that are practically devoid of any
galaxy, usually roundish in shape and occupying the major share of space in the
Universe. Forming an essential ingredient of the Cosmic Web, they are surrounded
by elongated filaments, sheetlike walls and dense compact clusters.

Voids have been known as a feature of galaxy surveys since the first surveys were
compiled (Chincarini & Rood, 1975; Gregory & Thompson, 1978; Einasto, Joeveer
& Saar, 1980). Following the discovery by Kirshner et al. (1981, 1987) of the most
dramatic specimen, the Boötes void, a hint of their central position within a weblike
arrangement came with the first CfA redshift slice (de Lapparent, Geller & Huchra,
1986). This view has been dramatically endorsed and expanded by the redshift maps



Observations and Morphology of the Cosmic Web 15

of the 2dFGRS and SDSS surveys (Colless et al., 2003; Abazajian et al., 2003). They
have established voids as an integral component of the Cosmic Web. The 2dFGRS
maps and SDSS maps (see e.g. fig. 12), and the void map of the 6dF survey in fig. 2.3,
are telling illustrations of the ubiquity and prominence of voids in the cosmic galaxy
distribution.

For the most systematic and complete impression of the cosmic void popula-
tion the Local Universe provides the most accessible region. Recently, the deep
view of the 2dFGRS and SDSS probes (see fig. 12) has been supplemented with
high-resolution studies of voids in the nearby Universe. Based upon the 6dF survey
(HeathJones, 2004), Fairall (person. commun.) identified nearly all voids within the
surveyed region out to 35, 000 km s−1. It is the 2MASS redshift survey (Huchra et al.,
2005) – the densest all-sky redshift survey available – which has provided a uniquely
detailed census of large scale structures in our Local Universe (Erdoğdu et al., 2006).
Partially including 6dF redshifts, the 2MASS redshift survey entails a complete and
systematic survey of structure in the nearby Universe up to 14, 000− 16, 000 km s−1.
This includes a complete sample of voids, directly identifiable from the density and
velocity field reconstruction by Erdoğdu et al. (2006) does contain a nice complete
sample of voids in our Local Universe, although though some measure of bias and
upper-limit to the size of identifiable voids is introduced via the substantial level of
spatial smoothing going along with the Wiener filter processing. A nice impression
of the typical structure, geometry and size of voids is given by shell section through
the local Cosmic Web seen in the Aitoff sky projection in fig. 11.

Void Sizes

Voids in the galaxy distribution account for about 95% of the total volume (see Kauff-
mann & Fairall, 1991; El-Ad, Piran & da Costa, 1996; El-Ad & Piran, 1997; Hoyle
& Vogeley, 2002; Plionis & Basilakos, 2002; Rojas et al., 2005; Platen, van de Wey-
gaert & Jones, 2007).

The typical sizes of voids in the galaxy distribution depend on the galaxy pop-
ulation used to define the voids. Voids defined by galaxies brighter than a typical
L∗ galaxy tend to have diameters of order 10 − 20h−1Mpc, but voids associated
with rare luminous galaxies can be considerably larger; diameters in the range of
20h−1 − 50h−1Mpc are not uncommon (e.g Hoyle & Vogeley, 2002; Plionis & Basi-
lakos, 2002). These large sizes mean that only now we are beginning to probe a
sufficiently large cosmological volume to allow meaningful statistics with voids to
be done. Firm upper limits on the maximum void size have not yet been set. Re-
cently there have been claims of the existence of a supersized void, in the counts
of the NVVS catalogue of radio sourcs, and of its possible imprint on the CMB via
the ISW effect in the form of a ‘cold spot’. If this will be confirmed it will pose an
interesting challenge to any cosmological scenario (see Rudnick et al., 2007).

At the low end side of the void size distribution a very detailed survey of the
Local Volume, the very nearby Universe in and immediately around our Local Su-
percluster, does provide some tentative information. At this close range a few studies
claim to have found what may be the smallest genuine voids in existence. In his
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Fig. 9. A region of the 6dF redshift survey marked by the presence of various major voids.
The image concerns a 3D rendering of the galaxy distribution in a 1000 km/s thick slice along
the supergalactic SGX direction, at SGX=-2500 km/s. Image courtesy of A. Fairall.
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Catalog and Atlas of Nearby Galaxies Tully (1988) noted the presence of the Lo-
cal Void in the Local Supercluster. The Local Void begins directly from the bound-
aries of the Local Group and extends in the direction of the north pole of the LSC
by ∼ 14h−1Mpc. Similar and even smaller minivoids have recently been found by
the analysis of Tikhonov & Karachentsev (2006) of the galaxy distribution in the
Catalog of Neighbouring Galaxies (Karachentsev et al., 2004). Because the latter
entails a meticulously detailed view of the true spatial distribution of galaxies out
to 5h−1Mpc, it allowed the identification and mapping of minivoids in the Local
Volume. Tikhonov & Karachentsev (2006) and Tikhonov & Klypin (2007) claim to
have found a total of some 30 minivoids, completely free of galaxies, with sizes of
0.7 − 3.5h−1Mpc.

The Meaning of Voids

There are a variety of reasons why the study of voids is interesting for our under-
standing of the cosmos.

• Firstly, because they are a prominent aspect of the Megaparsec Universe it is nec-
essary to understand the structure of evolution of voids in order to get a proper
and full understanding of the formation and dynamics of the Cosmic Web.
• Secondly, voids may contain a considerable amount of information on the un-

derlying cosmological scenario and on global cosmological parameters.
• Thirdly, their pristine low-density environment implies them to be interesting

regions for studying the influence of cosmic environment on the formation of
galaxies.

We will address the last two aspects in more detail below, along with a discussion of
the available observational information on the dynamics of voids. A more focussed
discussion of void evolution and dynamics within the context of the Cosmic Web is
the subject of section 4.

Void Dynamics

The essential role of voids in the organization of the cosmic matter distribution was
recognized soon after their discovery (Icke, 1984). This also includes their dynamical
influence. As a result of their underdensity voids represent a region of weaker gravity,
resulting in an effective repulsive peculiar gravitational influence. Various studies
have indeed found strong indicatations for their imprint in the peculiar velocity flows
of galaxies in the Local Universe.

(Bothun et al., 1992) made the first claim of seeing pushing influence of voids
when assessing the stronger velocity flows of galaxies along a filament in the first
CfA slice. Stronger evidence came from the extensive and systematic POTENT anal-
ysis of Mark III peculiar galaxy velocities (Willick et al., 1997) in the Local Universe
(Dekel et al., 1990; Bertschinger et al., 1990). POTENT found that for a fully self-
consistent reconstruction of the dynamics in the Local Universe, it was inescapable
to include the dynamical influence of voids (see e.g. Dekel, 1994). The DTFE maps
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Fig. 10. Gravitational impact of the Sculptor Void. The righthand frame shows the inferred
velocity field in and around the Sculptor void near the Local Supercluster. The colour map
represents the density values, with dark blue at δ ∼ −0.75 and cyan near δ ∼ 0.0. The vectors
show the implied velocity flow around the void, with a distinct nearly spherically symmetric
outflow. It is a zoom-in onto the indicated region in the density and velocity map in the Local
Universe (lefthand) determined on the basis of the PSCz galaxy redshift survey. The peculiar
velocities of the galaxies in the PSCz galaxy redshift catalogue were determined by means of
a linearization procedure (Branchini et al. 1999), the resulting galaxy positions and velocities
have been translated by DTFE into the depicted density and velocity flow maps. The Local
Group is at the centre of the map of our Local Universe (lefthand). To the left we see the
Great Attractor region extending out towards the Shapley supercluster. To the righthand side
we can find the Pisces-Perseus supercluster. The density values range from ∼ 4.9 (red) down
to ∼ −0.75 (darkblue), with cyan coloured regions having a density near the global cosmic
average (δ ∼ 0). The velocity vectors are scaled such that a vector with a length of ≈ 1/33rd of
the region’s diameter corresponds to 650 km/s. The density and velocity field have an effective
Gaussian smoothing radius of RG ∼

√
5h−1Mpc. The top righthand insert zooms in on the

Local Supercluster and Great Attractor complex. From: Romano-Dı́az & van de Weygaert
2007.

by Romano-Dı́az & van de Weygaert (2007) of the density and velocity field in the
Local Universe obtained from the PSCz redshift sample (Branchini et al., 1999) do
provide a very clear visual image of the influence of such voids in the Local Uni-
verse, with the pushing influence of the Sculptor void at the Local Supercluster as
most outstanding example (see fig. 10).

With the arrival of new and considerably improved data samples the dynami-
cal influence of voids in the Local Universe has been investigated and understood
in greater detail. The reconstruction of the density and velocity field in our local
cosmos on the basis of the 2MASS redshift survey has indeed resulted in a very
interesting and complete view of the dynamics on Megaparsec scales. As one may
infer from fig. 11 the repulsive influence of the Local Void is impressively strong and
outstanding. This conclusion goes along with the conclusions reached on the basis of
an extensive and careful analysis of the peculiar velocity of the Local Group by Tully
et al. (2007). They are lead to the conclusion that the Local Void is responsible for a
considerable repulsive influence, accounting for ∼ 259 km s−1 of the ∼ 631 km s−1

Local Group motion with respect to the CMB. While partly dependent on the details
of the analysis, it seems hard to avoid the conclusion that we do not feel the presence
of voids in our universe.

Voids and the Cosmos

Voids may function as probes of global cosmological parameters and on the under-
lying cosmology. Their intrinsic structure and shape, the outflow velocities and the
corresponding redshift distortions are related to various aspects of the underlying
cosmology. The outflow from the voids depends on the matter density parameterΩm,
the Hubble parameter H(t) and possibly on the cosmological constant Λ (see e.g.
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Fig. 11. 2MASS view of the Local Void outflow. The reconstructed density (top frame) and ve-
locity field (bottom frame) of the 2MASS redshift survey, evaluated on a thin shell of 2000km
s−1, shown in Aitoff projection. From Erdoğdu et al. 2006. Top: the reconstructed density
field in the thin shell, providing a telling section through the Local Cosmic Web. Dashed
lines show δ < 0, solid lines δ ≥ 0, with contour spacing of ∆δ = 0.1. Easily identifiable
overdensities are Ura Major, the Virgo cluster, the Centaurus cluster, Hydra cluster and the
Fornax-Doradus-Eridanus (F-D-E) supercluster complex. Most interestingly are the locations
of local voids: Gemini (Gem), Taurus (Tau), Andromeda (And), Delphinus (Del), Virgo (Vir),
Eridanus (Erid), Orion (Ori), and the Local Void (LV). Bottom: Dashed lines show infall ve-
locities, solid lines outflow. First solid line is for vrad = 0 km s−1, and contour spacing is
|∆vrad | = 50 km s−1. Clearly visible is the strong outflow from the Local Void, reflected in the
strong central patch. From: Erdoğdu et al. 2006.

van de Weygaert & van Kampen, 1993; Martel & Wassermann, 1990; Dekel & Rees,
1994; Bernardeau et al., 1997; Fliche & Triay, 2006). These parameters also dictate
their redshift space distortions (Ryden & Melott, 1996; Schmidt et al., 2001).

Another interesting link between void structure and cosmology has recently been
emphasized by Park & Lee (2007) and Lee & Park (2007). They found that the
intrinsic structure and shape of voids are sensitive to various aspects of the power
spectrum of density fluctuations, including the imprint of dark energy.

The cosmological ramifications of the reality of a supersized void akin to the
identified by Rudnick et al. (2007) in the NVVS radio source counts would obviously
be far-reaching.

Fig. 12. Void region in de 2dFGRS survey. From: Schaap 2007
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Void Galaxies

A major point of interest concerns the galaxies within the voids, the void galaxies.
Voids provide a unique and still largely pristine environment for studying the evolu-
tion of galaxies (Hoffman et al., 1992; Little & Weinberg, 1994; Peebles, 2001) and
may represent a major challenge for current scenarios of structure formation. Pee-
bles (2001) pointed out that the observed salient and total absence of dwarf galaxies
in nearby voids – for example the absence of dwarfs in the Local Void noticed by
Karachentseva et al. (1999) - could possibly involve strong ramifications for the via-
bility of the ΛCDM cosmology on small scales.

A clear picture of the relation between void galaxies and their surroundings is
just becoming available, be it there is still a lot of uncertainty concerning the physics
which drives the observed correlations. The simplest models of biased galaxy forma-
tion (e.g Little & Weinberg, 1994) predict that voids would be filled with galaxies of
low luminosity, or galaxies of some other uncommon nature (Hoffman et al., 1992).
More sophisticated models have recently been developed (Mathis & White, 2002;
Benson et al., 2003; Hoeft et al., 2006; Furlanetto & Piran, 2006); in these mod-
els the properties of galaxies are determined by the halos they inhabit. The recent
interest in environmental influences on galaxy formation has prodded substantial ac-
tivity in this direction (Szomoru et al., 1996; Kuhn et al., 1997; Popescu et al., 1997;
Karachentseva et al., 1999; Grogin & Geller, 1999, 2000; Hoyle & Vogeley, 2002;
Rojas et al., 2005; Tikhonov & Karachentsev, 2006; Patiri et al., 2006a; Ceccarelli et
al., 2006).

2.4 Cosmic Shear and the Cosmic Web

The cosmic web is first and foremost defined and outlined by the dark matter distri-
bution, the gravitationally dominant component which sets the corresponding gravi-
tational potential. Galaxies are assumed to trace the underlying dark matter distribu-
tion. Even though the galaxies do indeed seem to provide a reasonable impression of
the matter distribution, a direct map of the dark matter itself would obviously allow
a real and unbiased view of the dynamics of the cosmic web.

A recent study has indeed managed to reveal the spatial dark matter distribution
through its effect on the paths of the photons as they move through the Universe,
meanwhile confirming that galaxies and starlight are in fact good tracers. Massey et
al. (2007) succeeded in producing the first truely three-dimensional map of the dark
matter distribution. Their study is based on (weak) gravitational lensing data from the
Cosmic Evolution Survey (COSMOS), and concerns a total region of 1637 square
degrees meticulously observed by the ACS camera onboard the HST. An accurate
and detailed two-dimensional map of the projected mass distribution clearly reveals
the filamentary features connecting the high-density clusters (fig. 2.3). Until recently,
such weak lensing mass reconstructions were confined to the high-density regions in
and around clusters because of the outstanding strength of their lensing signal. With
the COSMOS map probing the more moderately dense regions of the cosmic web
it turns out that stellar mass and galaxy number density do indeed accurately follow
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Fig. 13. The total projected matter density inferred from the large weak lensing study of the
COSMOS data, shown in contours. The projected mass is dominated by dark matter. For
comparison the matter surface density contours are superimposed on tracers of the baryonic
matter distribution: (1) blue, the stellar mass (within ∆z ≈ 0.1 (2) yellow: the galaxy number
density (within ∆z ≈ 0.1) and (3) red: hot dense gas, seen by deep X-ray observations with
the XMM satellite. The X-ray emission by point sources has been removed. The dark matter
reveals filamentary overdense regions that are topologically connected but insufficiently dense
to generate X-ray emission: a loose network of filaments tracing the Cosmic Web. Within the
filamentary network we recognize the dense compact cluster nodes. The most prominent peak
in all four tracers is a single cluster of galaxies at z=0.73 (α, δ=149h,55 min,2◦31’). Courtesy
of Richard Massey, also see Massey et al. 2007. Reproduced by permission of Nature.

the dark matter distribution while the correlation with the X-ray emission – confined
to the inner regions of clusters – is significantly less pronounced.

By complementing the lensing data with redshifts of the galaxy sources a tomo-
graphic analysis of the data, involving the assessment of the differential growth of
the lensing signal between many thin slices separated by ∆z = 0.05, made it possible
to reconstruct the full three-dimensional matter distribution (fig. 2.4). It did reveal



24 Rien van de Weygaert & J. Richard Bond

Fig. 14. Three-dimensional reconstruction of the dark matter distribution. The three axes cor-
respond to right ascension, declination and redshift: with distance increasing towards the bot-
tom. The redshift scale is highly compressed and the survey volume is really an elongated
cone. The isodensity contour corresponds to a level of 1.4 × 1013 M� within a circle of ra-
dius 700 kpc and ∆z = 0.05, arbitrarily chosen to highlight the filamentary structure. The 3-D
map has been inferred from the tomographic analysis of the COSMOS weak lensing data,
involving the assessment of the differential growth of the lensing signal between many thin
slices separated by ∆z = 0.05. The 3-D map reveals that the massive z = 0.73 cluster is in-
deed part of much larger 3-D structure, including a filament partially aligned along the line of
sight. Courtesy of Richard Massey, also see Massey et al. 2007. Reproduced by permission of
Nature.

that the massive cluster at z = 0.73 (α, δ=149h,55 min,2◦31’) is embedded within a
giant three-dimensional structure which includes at least one filament.

The 3-D dark matter map is truely historical in that it uncovered for the first time
the reality of a weblike pattern in the dark matter underlying the one that we see
in the galaxy distribution. The potential for this new light on the dark side of the
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Universe is tremendous. The detected filamentary DM network provides a direct and
transparent link to theories of structure formation, directly tying in with collisionless
dark matter and gravity without the necessity to involve complex and as yet not fully
understood hydrodynamic, radiative and starformation processes.

2.5 the Gaseous Cosmic Web

Galaxies are assumed to trace the underlying dark matter distribution, and their spa-
tial distribution (still) represents the most detailed and clearest outline of its intricate
weblike features which we have available. Nonetheless, stars and galaxies do in fact
represent only a minor fraction of all the baryons in the Universe. As far as baryons
are concerned the cosmic web is first and foremost an intricate network of diffuse
gaseous lanes pervading the Universe (see fig. 16).

In other words, while in practice galaxies are used as tracers, it is the diffuse in-
tergalactic medium (IGM) which forms the main baryonic constituent of the cosmic
web. At high redshift (z & 2) the overwhelming majority of baryons are in a diffuse,
photoionized intergalactic medium, partly enriched by the products of stellar nucle-
osynthesis. This gas is observable as HI absorption lines in the spectra of distant
background quasars (see Rauch, 1998; Cen et al., 1994). The resulting redshifted
Lyman α (Lyα) absorption along their line of sight produces the Lyα forest, which
represents a highly sensitive one-dimensional probe of the (gaseous) cosmic web
(see Fig. 15). By the current epoch, hierarchical structure formation has produced
deep potential wells into which the baryons accrete, thereby moving a significant
portion of the baryons from the IGM into stars, galaxies, groups and clusters. Hydro-
dynamical simulations of cosmic structure formation have indicated that a significant
fraction of the baryons at z ∼ 0 are found in a gaseous form. The gas around emerg-
ing clusters falls into their potential wells and turns into hot highly ionized X-ray
emitting intracluster gas. Most of the gas, with a temperature between 105 and 107

K, is found in regions of moderate overdensities δ ∼ 10−100. Part of this gas is asso-
ciated with the virial regions around galaxies, accounting for around Ωb ∼ 0.024 of
the total Ωb = 0.045 contributed by baryons to the density of the Universe (Fukugita
& Peebles, 2004). The remaining component of this diffuse Warm-Hot Intergalac-
tic Medium (WHIM) mostly traces out the filamentary features in the cosmic web.
It may account for a significant fraction of the missing baryons at low redshifts
(Fukugita, Hogan & Peebles, 1998; Fukugita & Peebles, 2004). Probably there is
also a significant amount of low temperature WHIM with T < 105 K, distributed
mostly as sheet-like structures (Kang et al., 2005). The WHIM may even account for
up to 30 − 40% of the baryonic mass in the Universe (Abazajian et al., 2003). Its
evolution is driven primarily by shock heating as the gas falls into the gravitationally
generated potential wells, mainly those defined by the nonequilibrium large-scale
structures such as filaments. For the heating of the gas, processes like supernova
feedback, radiative cooling and photoionization are only of secondary importance.

The shock-heated WHIM gas in filaments and sheets is manifested best through
emissions and absorptions in soft X-ray and far UV. It will make significant contri-
butions to the soft X-ray background, and can be detected through absorptions of
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Fig. 15. The spectrum of the quasar Q0453-243 obtained with the HIRES spectrograph on the
Keck I telescope. The quasar has an emission redshift of z=2.661. To the left of the Lymanα
emission line you see the “forest” of HI absorption lines produced by intervening, tenuous
intergalactic clouds. The lower panel zooms in on the region between 4000 and 4100 A. The
particularly strong line at 4020 A is a “damped Lymanα absorption feature produced in a cloud
which is optically thick in HI. Image courtesy of Matteo Viel.

.

highly ionized species suchs as OVII and OVIII in AGN spectra and line emissions
from OVII and OVIII ions. Detection of WHIM absorption in X-ray observations
were reported by various groups (Kaastra et al., 2003; Nicastro et al., 2003), while
there was also a report of a possible detection of WHIM emission from a filament
around Coma (Finoguenov, Briel & Henry, 2003).

The study of the IGM represents an impressively rich source for our understand-
ing of the cosmic web. Potentially the intricate structure can be traced in much more
detail than by means of the discrete galaxy distribution. Different chemical species
and ionization stages probe different density and temperature regimes within the cos-
mic web, which in turn may be related to different regimes and stages of galaxy for-
mation. However, in particular the most directly accessible study of the IGM, that of
absorption line studies, is confined to one-dimensional probes. This renders it diffi-
cult to translate these to a three-dimensional image (yet, a constrained inversion is
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Fig. 16. Spatial distribution of the warm/hot intergalactic gas (WHIM) with temperature in the
range 105 − 107 K, at z=0, in a box of 85h−1Mpc. The image reveals the striking pattern of the
Cosmic Web into which the WHIM gas has settled itself as it flowed into the potential wells
set by the dark matter distribution. The green regions have densities about 10-20 times the
mean baryon density of the universe at z=0; the yellow regions have densities about 100 times
the mean baryon density, while the small isolated regions with red and saturated dark colours
have even higher densities reaching about 1000 times the mean baryon density and are sites
for current galaxy formation. Image courtesy of Renyue Cen, also see Cen & Ostriker 2006.
Reproduced by permission of the AAS.

not entirely unfeasible, see Pichon et al. (2001)). Emission line studies of the WHIM
would offer the exciting potential of mapping the cosmic web through its gaseous
contents. A meticulous detailed mapping comparable to that traced by the galaxy
distribution remains as yet only a remote possibility.
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3 Spatial Structure, Pattern Analysis and Object Identification

Many attempts to describe, let alone identify, the features and components of the
Cosmic Web have been of a mainly heuristic nature. There are various relevant is-
sues. The primary issue is that of defining a technique that sensitively probes the
properties of the Cosmic Web. Another major point of concern involves the sampling
of the web patterns, by default limited in scope. Cosmological theories generally de-
scribe the development of structure in terms of continuous (dark matter) density and
velocity fields. To a large extent our knowledge stems from a discrete sampling of
these fields.

In the real world it is impossible to get exhaustive values of data at every desired
point of space. The product of astronomical observations, physical experiments and
computer simulations often concern data sets in two, three or more dimensions. This
may involve the value of some physical quantity: the galaxy density field, the dark
matter density field or the peculiar velocity field are amongst the best known exam-
ples. Often these are measured or determined from an irregularly distributed set of
reference points.

The principal task for any formalism that seeks to process the sampled data on
the cosmological matter distribution is to optimally retain or extract the required in-
formation on the Cosmic Web. Dependent on the purpose of a study, various different
strategies may be followed:

• Statistical Analysis
One strategy is to distill various statistical measures, or other sufficiently de-
scriptive cosmological measures, which characterize specific aspects of the large
scale matter distribution. In essence this involves the compression of the avail-
able information into a restricted set of parameters or functions, with the inten-
tion to compare or relate these to theoretical predictions.
• Feature Identification

The identification and isolation of features and objects in the cosmic matter dis-
tribution - clusters, filaments and voids - is essential for understanding the nature
of structures which form in the Universe and provides an important link between
observation and theoretical models. On the one hand this may involve a cosmo-
graphic study of individual structures in our Cosmic neighbourhood. Their de-
tail usually forms a welcome complement to surveys of large samples of similar
objects, while sometimes they highlight the extremes in the cosmological zoo.
Perhaps most important is the necessity of well-defined feature identifiers for
proper statistical studies of cosmic structure formation.
• Structure Reconstruction

For the determination of various statistical characterizations of cosmic structure
it is imperative to define an optimal reconstruction of cosmic density and veloc-
ity fields. Demanding in itself, such a reconstruction is often complicated by the
usually discrete nature of the sample point distribution and the highly inhomoge-
neous nature of the sample point distribution. The translation into a continuous
field which optimally reflects reality is a far from trivial procedure and forms the
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subject of an extensive literature in computer science, visualization and applied
sciences.

3.1 Statistics of the Cosmic Web

There is a variety of statistical measures characterizing specific aspects of the large
scale matter distribution (for an extensive and complete review see Martı́nez & Saar,
2002). Below we list a selection of methods for structure characterisation and finding.
It is perhaps interesting to note two things about this list:

a) each of the methods tends to be specific to one particular structural entity
b) there are no explicit wall-finders.

Both issues emphasize an important property that generic techniques for tracing
structural features should possess (see 3.2). The skeleton formalism (Novikov, Colombi
& Doré, 2006; Sousbie et al., 2007; Sousbie, 2006) accomplished this by tracing the
mathematically well-defined skeleton of the Cosmic Web and arguing its close re-
lationship to its filamentary constituents. More generic is the Scale Space approach
adopted by Aragón-Calvo (2007) (also see Aragón-Calvo et al., 2007): it provides
a uniform approach to finding Blobs, Filaments and Walls as individual objects that
can be catalogued and studied.

Structure from higher moments

The clustering of galaxies and matter is most commonly described in terms of a hier-
archy of correlation functions. The two-point correlation function (and its Fourier
transform, the power spectrum) remains the mainstay of cosmological clustering
analysis and has a solid physical basis. However, the nontrivial and nonlinear patterns
of the cosmic web are mostly a result of the phase correlations in the cosmic mat-
ter distribution (Ryden & Gramann, 1991; Chiang & Coles, 2000; Coles & Chiang,
2000). While this information is contained in the moments of cell counts (Peebles,
1980; de Lapparent, Geller & Huchra, 1991; Gaztañaga, 1992) and, more formally
so, in the full hierarchy of M-point correlation functions ξM , their measurement has
proven to be impractical for all but the lowest orders (Peebles, 1980; Szapudi, 1998;
Jones et al., 2005).

The Void probability Function (White, 1979; Lachieze-Rey, da Costa & Mauro-
gordato, 1992) provided a characterisation the ”voidness” of the Universe in terms
of a function that combined information from many higher moments of the point
distribution. But, again, this has not provided any identification of individual voids.

Topological methods

The shape of the local matter distribution may be traced on the basis of an analysis
of the statistical properties of its inertial moments (Babul & Starkman, 1992; Luo
& Vishniac, 1995; Basilakos, Plionis & Rowan-Robinson, 2001). These concepts are
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closely related to the full characterization of the topology of the matter distribution in
terms of four Minkowski functionals (Mecke, Buchert & Wagner, 1994; Schmalzing
et al., 1999). They are solidly based on the theory of spatial statistics and also have
the great advantage of being known analytically in the case of Gaussian random
fields. In particular, the genus of the density field has received substantial attention as
a strongly discriminating factor between intrinsically different spatial patterns (Gott,
Dickinson & Melott, 1986; Hoyle & Vogeley, 2002b).

The Minkowski functionals provide global characterisations of structure. An at-
tempt to extend its scope towards providing locally defined topological measures of
the density field has been developed in the SURFGEN project defined by Sahni and
Shandarin and their coworkers (Sahni et al., 1998; Shandarin, Sheth & Sahni, 2004).
The main problem remains the user-defined, and thus potentially biased, nature of
the continuous density field inferred from the sample of discrete objects. The usual
filtering techniques suppress substructure on a scale smaller than the filter radius,
introduce artificial topological features in sparsely sampled regions and diminish the
flattened or elongated morphology of the spatial patterns. Quite possibly the intro-
duction of more advanced geometry based methods to trace the density field may
prove a major advance towards solving this problem.

Importantly, Martı́nez et al. (2005) and Saar et al. (2007) have generalized the use
of Minkowski Functionals by calculating their values in a hierarchy of scales gener-
ated from wavelet-smoothed volume limited subsamples of the 2dF catalogue. This
approach is particularly effective in dealing with non-Gaussian point distributions
since the smoothing is not predicated on the use of Gaussian smoothing kernels.

3.2 Structure Finding

In addition to the statistical characterization of the cosmic matter density field, a
major effort goes into identifying and isolating features and individual structures in
the cosmic matter distribution. The vast majority of these studies have focussed on
the detection of clusters of galaxies. Tracing filamentary has gained relatively little
attention, and with the exception of a few rare outstanding concentrations - the Great
Wall (Geller & Huchra, 1989) and the SDSS Great Wall (Gott et al., 2005) - the
detection of sheets is a virtually nonexistent activity.

Cluster finding

In the context of analyzing distributions of galaxies we can think of cluster finding
algorithms. There we might define a cluster as an aggregate of neighbouring galaxies
sharing some localised part of velocity space. Algorithms like HOP attempt to do
this. However, there are always issues arising such as how to deal with substructure:
that perhaps comes down to the definition of what a cluster is. Here we focus on
defining coherent structures based on particle positions alone. The velocity space
data is not used since there is no prior prejudice as to what the velocity space should
look like.
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Filament finding

The connectedness of elongated supercluster structures in the cosmic matter distri-
bution was first probed by means of percolation analysis, introduced and empha-
sized by Zel’dovich and coworkers (Zeldovich, Einasto & Shandarin, 1982), while a
related graph-theoretical construct, the minimum spanning tree of the galaxy distri-
bution, was extensively probed and analysed by Bhavsar and collaborators (Barrow,
Bhavsar & Sonoda, 1985; Graham, 1995; Colberg, 2007) in an attempt to develop an
objective measure of filamentarity.

Finding filaments joining neighbouring clusters has been tackled, using quite dif-
ferent techniques, by Colberg, Krughoff& Connolly (2005) and by Pimbblet (2005).
More general filament finders have been put forward by a number of authors. Stoica
et al. (2005) use a generalization of the classical Candy model to locate and catalogue
filaments in galaxy surveys. This approach has the advantage that it works directly
with the original point process and does not require the creation of a continuous
density field. However, it is very computationally intensive.

The mathematically most rigorous program for filament description and analy-
sis is that of the skeleton analysis of density fields by Novikov, Colombi & Doré
(2006) (2-D) and Sousbie et al. (2007) (3-D). Based on Morse theory (see Colombi,
Pogosyan & Souradeep, 2000) the skeleton formalism analyzes continuous density
fields and detects morphological features - maxima and saddle points in the density
field - by relating density field gradients to the Hessian of the density field (also see
Doré et al., 2003). It results in an elegant and effective tool with a particular focus
towards tracing the filamentary structures in the cosmic web. However, it is compu-
tationally intensive and may be sensitive to the specific method of reconstruction of
the continuous density field. The Hessian of the density field also forms the basis of
the MMF analysis developed by (Aragón-Calvo et al., 2007) (see fig. 17), although
MMF embeds this within a formalism that explicitly addresses the multiscale char-
acter of the cosmic density field and includes the shape conserving abilities of the
tessellation based density field reconstruction (Schaap & van de Weygaert, 2000).

Void Finding

Voids are distinctive and striking features of the cosmic web, yet identifying and
tracing their outline within the complex spatial geometry of the Cosmic Web has
proven to be far from trivial. There have been extensive searches for voids in galaxy
catalogues (Hoyle & Vogeley, 2002; Plionis & Basilakos, 2002) and in numerical
simulations (Arbabi-Bidgoli & Müller, 2002; Aikio & Mähönen, 1998).

Several factors contribute to making systematic void-finding difficult. One ma-
jor obstacle is that there is not an unequivocal definition of what a void is and as
a result there is considerable disagreement on the precise outline of such a region
(see e.g. Shandarin et al., 2006). The fact that voids are almost empty of galaxies
means that the sampling density plays a key role in determining what is or is not a
void (Schmidt et al., 2001). Moreover, void finders are often predicated on building
void structures out of cubic cells (Kauffmann & Fairall, 1991) or out of spheres (e.g:
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Fig. 17. The filamentary network in a GIF ΛCDM simulation. The filaments were identified
by means of the MMF technique of Aragón-Calvo et al. (2007). The filled (grey) circles cor-
respond to clusters with a mass above 1014M�. The inserts contain three specific examples of
filaments. The gray dots represent the original (simulation) dark matter particles. The spine of
the filaments (black particles) is the result of the filament compression algorithm of Aragón-
Calvo (2007). Image courtesy M. Aragón-Calvo, also see Aragón-Calvo 2007.

Patiri et al., 2006a). Because of the vague and diverse definitions, and the diverse
interests in voids, there is a plethora of void identification procedures (Kauffmann &
Fairall, 1991; El-Ad, Piran & da Costa, 1996; Aikio & Mähönen, 1998; Hoyle & Vo-
geley, 2002; Arbabi-Bidgoli & Müller, 2002; Plionis & Basilakos, 2002; Patiri et al.,
2006b; Colberg et al., 2005b; Shandarin et al., 2006; Hahn et al., 2007). For example,
there are methods that attempt to synthesize voids from the intersection of cubic or
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spherical elements and do so with varying degrees of success. The Aspen-Amsterdam
Void Finder Comparison Project of Colberg, Pearce et al. (2007) will clarify many
of these issues. The Watershed-based algorithm of Platen, van de Weygaert & Jones
(2007) aims to avoid issues of both sampling density and shape.

3.3 Reconstruction of the Cosmic Web

For a meaningful analysis and interpretation of spatial data it is often necessary to
obtain estimates of the related field values throughout the sample volume. The recon-
structed continuous field may subsequently be processed in order to yield a variety
of interesting parameters. Ideally, reconstruction procedures should be based upon
solid statistical foundations. The complex reality of the cosmic web – marked by
asymmetric and anisotropic features and a large range of densities– renders it very
difficult to develop and infer statistical methods from first principle. The work by
Erdoğdu et al. (2004) and Kitaura & Enßlin (2007) represent examples of possibly
rewarding strategies.

In the observational reality galaxies are the main tracers of the cosmic web and
it is mainly through the measurement of the redshift distribution of galaxies that we
have been able to map its structure. Another example is that of the related study of
cosmic flows in the nearby Universe, based upon the measured peculiar velocities
of a sample of galaxies located within this cosmic volume. Likewise, simulations of
the evolving cosmic matter distribution are almost exclusively based upon N-body
particle computer calculation, involving a discrete representation of the features we
seek to study. Both the galaxy distribution as well as the particles in an N-body
simulation are examples of spatial point processes in that they are

- discretely sampled
- have an irregular spatial distribution.

A major part of any reconstruction procedure is the filtering and interpolation of the
measured data.

3.4 Spatial Data: Filtering and Interpolation

Issues of smoothing and spatial interpolation of the measured data over the sample
volume are of considerable importance and interest in many different branches of
science. Interpolation is fundamental to graphing, analysing and understanding of
spatial data. Key references on the involved problems and solutions include those
by (Ripley, 1981; Sibson, 1981; Watson, 1992; Cressie, 1993). While of consider-
able importance for astronomical purposes, many available methods escaped atten-
tion. A systematic treatment and discussion within the astronomical context is the
study by (Rybicki & Press, 1992), who focussed on linear systems as they developed
various statistical procedures related to linear prediction and optimal filtering, com-
monly known as Wiener filtering. An extensive, systematic and more general survey
of available mathematical methods can be found in a set of publications by Lombardi
& Schneider (Lombardi & Schneider, 2001, 2002, 2003).
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DTFE: Delaunay Tessellation Field Estimator

A particular class of spatial point distributions is the one in which the point pro-
cess forms a representative reflection of an underlying smooth and continuous den-
sity/intensity field. The spatial distribution of the points itself may then be used to
infer the density field. This forms the basis for the interpretation and analysis of the
large scale distribution of galaxies in galaxy redshift surveys. The number density
of galaxies in redshift survey maps and N-body particles in computer simulations is
supposed to be proportional to the underlying matter density.

One noteworthy example of a technique which uses this fact is the DTFE method,
a linear version of natural neighbour interpolation. The DTFE technique (Schaap &
van de Weygaert, 2000; van de Weygaert & Schaap, 2007) recovers fully volume-
covering and volume-weighted continuous fields from a discrete set of sampled field
values. The method has been developed by Schaap & van de Weygaert (2000) and
forms an elaboration of the velocity interpolation scheme introduced by Bernardeau
& van de Weygaert (1996). It is based upon the use of the Voronoi and Delaunay
tessellations of a given spatial point distribution to form the basis of a natural, fully
self-adaptive filter in which the Delaunay tessellations are used as multidimensional
interpolation intervals. An example is the void density and velocity field in fig. 25.

The primary ingredient of the DTFE method is the Delaunay tessellation of the
particle distribution. The Delaunay tessellation of a point set is the uniquely defined
and volume-covering tessellation of mutually disjunct Delaunay tetrahedra (triangles
in 2D). Each is defined by the set of four points whose circumscribing sphere does not
contain any of the other points in the generating set (Delaunay, 1934). The Delaunay
tessellation and the Voronoi tessellation of the point set are each others dual. The
Voronoi tessellation is the division of space into mutually disjunct polyhedra, each
polyhedron consisting of the part of space closer to the defining point than any of the
other points (Voronoi, 1908; Okabe et al., 2000)

DTFE exploits three properties of Voronoi and Delaunay tessellations (Schaap,
2007; van de Weygaert & Schaap, 2007). The tessellations are very sensitive to the
local point density. DTFE uses this to define a local estimate of the density on the
basis of the inverse of the volume of the tessellation cells. Equally important is their
sensitivity to the local geometry of the point distribution. This allows them to trace
anisotropic features such as encountered in the cosmic web. Finally, DTFE exploits
the adaptive and minimum triangulation properties of Delaunay tessellations in using
them as adaptive spatial interpolation intervals for irregular point distributions. In
this way it is the first order version of the Natural Neighbour method (Sibson, 1980,
1981; Watson, 1992; Braun & Sambridge, 1995; Sukumar, 1998)

Within the cosmological context a major – and crucial – characteristic of a pro-
cessed DTFE density field is that it is capable of delineating three fundamental char-
acteristics of the spatial structure of the megaparsec cosmic matter distribution. It
outlines the full hierarchy of substructures present in the sampling point distribu-
tion, relating to the standard view of structure in the Universe having arisen through
the gradual hierarchical buildup of matter concentrations. DTFE also reproduces any
anisotropic patterns in the density distribution without diluting their intrinsic geo-
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Fig. 18. Scheme of the Multiscale Morphology Filter for extracting weblike morphologies.
See text for explanation. From van de Weygaert & Schaap 2007.
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metrical properties. This is particularly important when analyzing the the prominent
filamentary and planar features marking the Cosmic Web. A third important aspect
of DTFE is that it outlines the presence and shape of voidlike regions. Because of
the interpolation definition of the DTFE field reconstruction voids are rendered as
regions of slowly varying and moderately low density values.

Multiscale Morphology Filter

Recently a variety of methods have been developed towards a complete morpholog-
ical analysis of the cosmic web in the cosmic matter distribution. Perhaps the most
rigorous program, with a particular emphasis on the description and analysis of fil-
aments, is that of the skeleton analysis of density fields by by Novikov, Colombi &
Doré (2006) (2-D) and Sousbie et al. (2007) (3-D) (see sect. 3.2). Another strategy
has been followed by Hahn et al. (2007). They identify clusters, filaments, walls and
voids in the matter distribution on the basis of the tidal field tensor ∂2φ/∂xi∂x j, de-
termined from the density distribution filtered on a scale of ≈ 5h−1Mpc. Here we
shortly focus on the Multiscale Morphology Filter (MMF), introduced by Aragón-
Calvo et al. (2007). The MMF dissects the cosmic web on the basis of the multiscale
analysis of the Hessian of the density field.

Fig. 18 contains a schematic overview of the Multiscale Morphology Filter
(MMF) to isolate and extract elongated filaments (dark grey), sheetlike walls (light
grey) and clusters (black dots) in the weblike pattern of a cosmological N-body sim-
ulation Aragón-Calvo et al. (2007). The first stage is the translation of a discrete
particle distribution (top lefthand frame) into a DTFE density field (top centre). This
guarantees a morphologically unbiased and optimized density field retaining all fea-
tures visible in a discrete galaxy or particle distribution. The DTFE field is filtered
over a range of scales (top righthand stack of filtered fields). By means of mor-
phology filter operations defined on the basis of the Hessian of the filtered density
fields the MMF successively selects the regions which have a bloblike (cluster) mor-
phology, a filamentary morphology and a planar morphology, at the scale at which
the morphological signal is optimal. This produces a feature map (bottom lefthand).
By means of a percolation criterion the physically significant filaments are selected
(bottom centre). Following a sequence of blob, filament and wall filtering finally
produces a map of the different morphological features in the particle distribution
(bottom lefthand). The 3-D isodensity contours in the bottom lefthand frame depict
the most pronounced features (also see fig. 17).

MMF and the Cosmic Web

Two noteworthy recent results obtained by MMF concerns the inventory of mass
and volume content of the Cosmic Web (Aragón-Calvo, 2007), shown in fig. 19.
The results relate to the present-day epoch in a ΛCDM N-body simulation. Clusters
occupy the smallest volume fraction in the cosmic web, accounting for only 0.4%.
They do, however, represent a major share of the mass (28%), making them by far the
densest components of the Cosmic Web. Most mass (39%) in the Universe resides
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Fig. 19. Pie diagram showing an inventory of the Cosmic Web in terms of volume (left) and
mass (right). Image courtesy M. Aragón-Calvo, also see Aragón-Calvo 2007.

in filaments, tracing out almost 10% of the total volume. Sheet contain only a small
fraction of the mass, ≈ 5.5% and occupy a relatively small volume (4.9%), making
them the most tenuous structures in the Cosmic Web.

Fig. 20. Mean number of filaments as a function of the mass of the clusters to which they are
connected (solid line). Dotted line: 1σ dispersion. Image courtesy M. Aragón-Calvo, also see
Aragón-Calvo 2007.
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Also highly relevant is the issue of the connection between filaments and clusters.
The number of filaments emanating from a cluster turns out to be a strong function
of the cluster mass (see fig. 20). More massive clusters are connected to considerably
more filaments: MMF analysis indicates that clusters with a mass M ∼ 1014M� have
on average 2 filaments connected to them, clusters with a mass M ∼ 1015M� more
than five filaments. Other studies have found a similar relation based on intracluster
filaments found in N-body simulations (Colberg, Krughoff & Connolly, 2005) and
visually identified filament-cluster connections from the 2dF galaxy redshift survey
(Pimbblet, 2005).

4 Voids
A manifest and prominent morphological aspect of the Megaparsec matter and
galaxy distribution is the marked and dominant presence of large underdense re-
gions, the Voids. A proper and full understanding of the formation and dynamics of
the Cosmic Web is not possible without understanding the structure and evolution of
voids. With respect to their role in the structure and buildup of the Cosmic Web we
need to address three crucial aspects of void evolution:
• Formation and Evolution of Voids

Voids form in and around density troughs in the primordial density field. As a
result of the corresponding weaker internal gravity matter matter streams out of
the interior of voids while the void as a whole will expand with respect to the
background Universe.
• Void Dynamics and Void Outflow

As a result of their underdensity voids represent a region of weaker gravity. This
results in an effective repulsive gravitational influence. Various galaxy redshift
surveys and studies of galaxy peculiar velocities have indeed uncovered this im-
print in the cosmic velocity flow in the Local Universe (see sect. 2.3).
• Void Hierarchy and Substructure

Not only galaxies, galaxy halos and clusters of galaxies get assembled in a hier-
archical fashion. Also the buildup of voids proceeds via a complex and intricate
process of hierarchical evolution. Insight into this evolution is essential for un-
derstanding the overall geometry and structure of the Cosmic Web. The remnants
of the hierarchical void evolution can still be seen when studying the observed
spatial galaxy distribution or when analyzing N-body simulations of structure
formation. It should also form the basis for the study of properties of the void
galaxy population and the dependence on environment.

In the subsequent sections we will address each of these issues in some detail.

4.1 Formation and Evolution of Voids

Voids emerge out of the density troughs in the primordial Gaussian field of density
fluctuations. Early theoretical models of void formation concentrated on the evolu-
tion of isolated voids (Hoffman & Shaham, 1982; Icke, 1984; Bertschinger, 1985;
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Fig. 21. Simulation of evolving void (LCDM scenario). Image courtesy of Erwin Platen
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Blumenthal et al., 1992) . Initially underdense regions expand faster than the Hub-
ble flow, and thus expand with respect to the background Universe. If they are not
embedded within overdense regions, such regions eventually form voids which are
surrounded by dense void walls. At any cosmic epoch the voids that dominate the
spatial matter distribution are a manifestation of the cosmic structure formation pro-
cess reaching a non-linear stage of evolution.

In a void-based description of the evolution of the cosmic matter distribution,
voids mark the transition scale at which density perturbations have decoupled from
the Hubble flow and contracted into recognizable structural features. On the basis of
theoretical models of void formation one might infer that voids may act as the key
organizing element for arranging matter concentrations into an all-pervasive cosmic
network (Icke, 1984; Regős & Geller, 1991; van de Weygaert, 1991; Sheth & van de
Weygaert, 2004). As voids expand, matter is squeezed in between them, and sheets
and filaments form the void boundaries. This view is supported by numerical studies
and computer simulations of the gravitational evolution of voids in more complex
and realistic configurations (Martel & Wassermann, 1990; Regős & Geller, 1991;
Dubinski et al., 1993; van de Weygaert & van Kampen, 1993; Goldberg & Vogeley,
2004; Colberg et al., 2005b; Padilla et al., 2005). A marked example of the evolution
of a typical large and deep void in a ΛCDM scenarios is given by the time sequence
of six frames in fig. 4.

Void Characteristics: an Inventory

The formation and evolution of voids involves a range of interesting and intricate
processes and aspects. A listing of a dozen characteristic properties may elucidate
this.

• Voids Expand.
The underdensity of a void corresponds to a weaker interior gravitational field.
With respect to the global universe this leads to an effective (peculiar) gravity
inducing a general flow out of the void region.

• Voids Empty.
As matter streams out of the void, the density within the void decreases. Isolated
voids will asymptotically evolve towards an underdensity δ = −1, pure empti-
ness.

• Voids form Ridges.
As the density within voids gradually increases outward, the corresponding pe-
culiar (outward) gravitational acceleration decreases outward: void matter in the
centre moves outward faster than void matter towards the boundary. As a result
matter accumulates in ridges surrounding the void (see fig. 22). The steepness
of the resulting density profile depends on the protovoid depression (Palmer &
Voglis, 1983).
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Fig. 22. Spherical model for the evolution of voids. Left: a pure (uncompensated) tophat void
evolving up to the epoch of shell-crossing. Initial (linearly extrapolated) density deficit was
∆lin,0 = −10.0, initial (comoving) radius R̃i,0 = 5.0h−1Mpc. Right: a void with an angular
averaged SCDM profile. Initial density deficit and characteristic radius are same as for the
tophat void (left). The tendency of this void to evolve into a tophat configuration by the time
of shell crossing is clear. Shell-crossing, and the formation of a ridge, happens only if the
initial profile is sufficiently steep.

• “Bucket” Density Profile
Voids assume a ”bucket” shape – marked by a uniform interior density depres-
sion and a steep outer boundary – as a result of the fast outflow from the ”flat”
centre in a primordial underdensity. While their matter content accumulates near
and around steep density ridges, the interior involves into a region resembling a
low-density homogeneous FRW Universe (see fig. 22).

• Superhubble Void Expansion
Related to the uniform density interior of mature voids the corresponding pe-
culiar velocity field is that of a “Superhubble” flow (Icke, 1984): the interior
flowfield of voids is marked by a uniform velocity divergence (Schaap, 2007).
For a spherically symmetric void model it is rather straightforward to analyti-
cally infer that this is the expected natural tendency for voids (see fig. 22). It is
a manifestation of Birkhoff’s theorem, according to which a void region can be
described as an isolated lower Ω FRW universe (van de Weygaert & van Kam-
pen, 1993; Goldberg & Vogeley, 2004). An analysis of N-body simulations by
means of the DTFE technique has shown this also to be the case for the more
complex situation of hierarchical structure formation (see sect. 4.3).

• Characteristic Void & Shellcrossing
Overdense spherical peaks have a characteristic and time of collapse, coincident
with a linearly extrapolated density δc = 1.69. Voids have a similar globally valid
characteristic epoch of evolution, that of shellcrossing. This happens when inte-
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rior shells of matter take over initially exterior shells. It happens when a primor-
dial density depression attains a linearly extrapolated underdensity δv = −2.81
(for EdS universe). A perfectly spherical ”bucket” void will have expanded by a
factor of 1.72 at shellcrossing, and therefore have evolved into an underdensity
of ∼ 20% of the global cosmological density, ie. δ = −0.8.

• Identity observed voids
Bertschinger’s thesis work demonstrated that once voids have passed the stage of
shellcrossing they enter a phase of self-similar expansion (Bertschinger, 1985).
Subsequently, their expansion will slow down with respect to the earlier lin-
ear expansion. This impelled Blumenthal et al. (1992) to identify voids in the
present-day galaxy distribution with voids that have just reached the stage of
shell-crossing.

• Void Shapes: spherical tendencies
Icke (1984) pointed out that any (isolated) aspherical underdensity will become
more spherical as it expands. The effective gravitational acceleration is stronger
along the short axis than along the longer axes. For overdensities this results in
a stronger inward acceleration and infall, producing increasingly flattened and
elongated features. By contrast, for voids this translates into a larger outward
acceleration along the shortest axis so that asphericities will tend to diminish.
For the interior of voids this tendency has been confirmed by N-body simula-
tions (van de Weygaert & van Kampen, 1993). In reality, voids will never reach
sphericity as a result of large scale dynamical and environmental factors (Platen,
van de Weygaert & Jones, 2007b)

• Nonlinearity of Voids
While by definition voids correspond to density perturbations of at most unity,
|δv| ≤ 1, mature voids in the nonlinear matter distribution do represent highly
nonlinear features. This may be best understood within the context of La-
grangian perturbation theory (Sahni & Shandarin, 1996). Overdense fluctuations
may be described as a converging series of higher order perturbations, the equiv-
alent perturbation series is less well behaved for voids. The successive higher
order terms of both density deficit and corresponding velocity divergence alter-
nate between negative and positive (see fig. 23).

• Dilution of Void Substructure
In hierarchical scenarios of structure formation void regions contain substantial
amounts of infrastructure (see sect. 4.4). The low-density environment of voids
slows the growth of structure (for a thorough analytical treatment see Gold-
berg & Vogeley, 2004)). The net result is a diluted and diminished infrastruc-
ture which remains visible, at ever decreasing density contrast, as cinders of the
earlier phases of the void hierarchy in which the substructure stood out more
prominent (see sect. 4.8).
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Fig. 23. Void nonlinearity in Lagrangian perturbation theory, from Sahni & Shandarin 1996.
Lefthand Frame: density contrast δAPP in Lagrangian perturbation series L(n) plotted against
the exact tophat solution δEX for underdense regions (lower left) and overdense regions (up-
per right). Whereas the accuracy of L(n) increases with n when describing the behaviour of
overdense regions, L(n) wiht N > 1 do not fare as well when applied to underdense regions.
Although for voids L(n) with n = 2, 3 are initially more accurate than L(1) (Zel’dovich ap-
proximation), their accuracy becomes poorer with time. Moreover, L(2) shows pathological
behaviour at late times when δEX < −0.7. Righthand frame: The dimensionless velocity di-
vergence field θAPP in Lagrangian perturbation series L(n) is shown plotted against the exact
solution θEX , for overdense regions (lower left) and underdense regions (upper right). l(n) with
n = 2, 3 give better results than l(a) for overdense but not for underdense regions. From Sahni
& Shandarin 1996. Image courtesy of Sergei Shandarin.

• Collapse of Voids
Instead of expanding, voids embedded in a larger scale environment of sufficient
overdensity, or surrounded by structures effecting a strong enough tidal force
field, may tend to collapse. This process of void collapse is especially relevant
for small (sub)voids near the boundaries of large dominating voids. The process
is of crucial importance in the hierarchical evolution of voids (see sect. 4.8).

4.2 Void Identity and Maturity

One question of relevance is that of the identity of the observed voids. In other words,
what defines a mature void ? A reasonable answer may be found on the basis of the
spherical model. This teaches us that voids may be assigned a characteristic dynami-
cal time, corresponding to a threshold of the linearly extrapolated primordial density
field. A reasonable suggestion is that of a void reaching maturity at the moment of
shell-crossing, ie. the stage at which the inner shells of a void do overtake the outer
shells as a result of their larger peculiar acceleration. Bertschinger (1985) pointed
out that a void would assume a self-similar expansion and propagate at a slower rate
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through the surrounding medium Bertschinger (1985). On the basis of this obser-
vation, Blumenthal et al. (1992) suggested that the voids observed in galaxy red-
shift surveys, or in N-body simulations, should be identified with such shell-crossing
voids.

The void threshold that corresponds to shell-crossing of a spherical tophat void,
δv = −2.81 (for a Ωm = 1 Einstein-de Sitter Universe, and for a growing-mode
perturbation). Once the (fictitious) linear growth of a density trough in the primordial
density field has reached the void barrier the depression will have evolved into a
genuine void. Given the primordial density field δ(x), linearly interpolated to the
present epoch, at any one cosmic redshift z one can identify the voids that have
evolved beyond the shell-crossing phase and emerged as mature voids,

∆(x) < δssc(z, Ωm, ΩΛ) ≈ δv

D(z) , (1)

where the index ssc refers to “spherical shell crossing”.

4.3 A void in LCDM

Soon after their discovery, various studies pointed out their essential role in the or-
ganization of the cosmic matter distribution (e.g. Icke, 1984; Regős & Geller, 1991).
Their effective repulsive influence over their surroundings has been recognized in
various galaxy surveys in the Local Universe (see sec. 2.3).

Here we address the void’s dynamical influence by means of a case study of the
structure and outflow from a void selected from a ΛCDM GIF N-body simulation
Kauffmann et al. (1999). Figure 24 shows a typical void-like region in a ΛCDM Uni-
verse. It concerns a 2563 particles GIF N-body simulation, encompassing a ΛCDM
(Ωm = 0.3, ΩΛ = 0.7,H0 = 70 km/s/Mpc) density field within a (periodic) cubic box
with length 141h−1Mpc and produced by means of an adaptive P3M N-body code.

The top left frame shows the particle distribution in and around the void within
this 42.5h−1Mpc wide and 1h−1Mpc thick slice through the simulation box. In the
same figure we include panels of the density and velocity field in the void, determined
by means of a DTFE reconstruction (Schaap, 2007; van de Weygaert & Schaap,
2007). Both form a nice illustration of the capacity of the tessellation-based DTFE
interpolation and reconstruction technique to translate the inhomogeneous particle
distribution into highly resolved continuous and volume-filling fields and even follow
the density field as well as velocity flow throughout diluted void regions.

Void Infrastructure

The void region appears as a slowly varying region of low density (top righthand
frame). Notice the clear distinction between the empty(dark) interior regions of the
void and its edges. In the interior of the void several smaller subvoids can be distin-
guished, with boundaries consisting of low density filamentary or planar structures.

The general characteristics of the expanding void are most evident when fol-
lowing the density and velocity profile along a one-dimensional section through the
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Fig. 24. The density and velocity field around a void in the GIF LCDM simulation. The top
righthand panel shows the N-body simulation particle distribution within a slice through the
simulation box, centered on the void. The top righthand panel shows the grayscale map of the
DTFE density field reconstruction in and around the void, the corresponding velocity vector
plot is shown in the bottom lefthand panel. Notice the detailed view of the velocity field:
within the almost spherical global outflow of the void features can be recognized that can be
identified with the diluted substructure within the void. Along the solid line in these panels
we determined the linear DTFE density and velocity profile (bottom righthand frame). We can
recognize the global “bucket” shaped density profile of the void, be it marked by substantial
density enhancements. The velocity field reflects the density profile in detail, dominated by a
global super-Hubble outflow. From Schaap 2007.
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void. The bottom-left frame of fig. 25 shows these profiles for the linear section
along the solid line indicated in the other three frames. The first impression is that of
the bucket-like shape of the void, be it interspersed by a rather pronounced density
enhancement near its centre. This profile shape does confirm to the general trend of
low-density regions to develop a near uniform interior density surrounded by sharply
defined boundaries. Because initially emptier inner regions expand faster than the
denser outer layers the matter distribution gets evened out while the inner layers
catch up with the outer ones.

Void Velocity Field

The flow in and around the void is dominated by the outflow of matter from the
void, culminating into the void’s own expansion near the outer edge. The comparison
with the top two frames demonstrates the strong relation with features in the particle
distribution and the density field. Not only is it slightly elongated along the direction
of the void’s shape, but it is also sensitive to some prominent internal features of the
void. Towards the “SE” direction the flow appears to slow down near a ridge, near
the centre the DTFE reconstruction identifies two expansion centres.

The void velocity field profile is intimately coupled to that of its density field. The
linear velocity increase is a manifestation of its general expansion. The near constant
velocity divergence within the void conforms to the super-Hubble flow expected for
the near uniform interior density distribution. Because voids are emptier than the rest
of the universe they will expand faster than the rest of the universe with a net velocity
divergence equal to

θ =
∇ · v

H = 3(α − 1) , α = Hvoid/H , (2)

(3)

where α is defined to be the ratio of the super-Hubble expansion rate of the void and
the Hubble expansion of the universe.

Expanding Voids and the Cosmos

Evidently, the highest expansion ratio is that for voids which are completely empty,
ie. ∆void = −1. The expansion ratio α for such voids may be inferred from Birkhoff’s
theorem, treating these voids as empty FRW universes whose expansion time is equal
to the cosmic time. For a matter-dominated Universe with zero cosmological con-
stant, the maximum expansion rate that a void may achieve is given by

θmax = 1.5Ω0.6
m , (4)

with Ωm the cosmological mass density parameter. For empty voids in a Universe
with a cosmological constant a similar expression holds, be it that the value of α will
have to be numerically calculated from the corresponding equation. In general the
dependence on Λ is only weak. Generic voids will not be entirely empty, their density
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Fig. 25. The imprint of voids on the cosmic velocity field. The velocity divergence pdf for a
matter-dominated Ω = 0.4 and a Ω = 1.0 universe, determined from a CDM N-body sim-
ulation by means of the DTFE technique. The pdf has a sharp high-value edge, defined by
the outflow from voids. Lefthand frame: Ω = 0.4, with superimposed (dashed) the pdf for a
Ω = 1.0 Universe. Righthand frame: Ω = 1.0. From Bernardeau et al. 1997.

deficit |∆void| ≈ 0.8 − 0.9 (cf. eg. the linear density profile in fig. 25). The expansion
rate θvoid for such a void follows from numerical evaluation of the expression

θvoid =
3
2
Ω0.6

m − Ω0.6
m,void

1 + 1
2Ω

0.6
m,void

; Ωm,void =
Ωm(∆void + 1)

(1 + 1
3θ)2

(5)

in which Ωm,void is the effective cosmic density parameter inside the void.
When assessing the statistics of the velocity field divergence, using appropriate

tools, one may indeed find a sharp positive divergence cutoff marking the maximum
expansion rate of void regions. On the basis of their tessellation based technique,
an early velocity field oriented version of DTFE, Bernardeau & van de Weygaert
(1996) and Bernardeau et al. (1997) demonstrated that potentially one may indeed
infer information on Ωm,0 from the expansion of voids.

4.4 Void Sociology

Computer simulations of the gravitational evolution of voids in realistic cosmologi-
cal environments do show a considerably more complex situation than that described
by idealized spherical or ellipsoidal models (see Martel & Wassermann, 1990; Regős
& Geller, 1991; Dubinski et al., 1993; van de Weygaert & van Kampen, 1993; Gold-
berg & Vogeley, 2004; Colberg et al., 2005b; Padilla et al., 2005). In recent years
the huge increase in computational resources has enabled N-body simulations to re-
solve in detail the intricate substructure of voids within the context of hierarchical
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cosmological structure formation scenarios (Mathis & White, 2002; Gottlöber et al.,
2003; Hoeft et al., 2006; Arbabi-Bidgoli & Müller, 2002; Goldberg & Vogeley, 2004;
Colberg et al., 2005b; Padilla et al., 2005). They confirm the theoretical expectation
of voids having a rich substructure as a result of their hierarchical buildup (see e.g.
fig. 4).

Sheth & van de Weygaert (2004) treated the emergence and evolution of voids
within the context of hierarchical gravitational scenarios. It leads to a considerably
modified view of the evolution of voids. The role of substructure within their interior
and the interaction with their surroundings turn out to be essential aspects of the hi-
erarchical evolution of the void population in the Universe. An important guideline
are the heuristic void model simulations by Dubinski et al. (1993), and the theoret-
ical void study by Sahni et al. (1994) within the context of a Lagrangian adhesion
model approach by Sahni et al. (1994). Sheth & van de Weygaert (2004) showed
that the hierarchical development of voids, akin to the evolution of overdense halos,
may be described by an excursion set formulation (Press & Schechter, 1974; Bond et
al., 1991; Sheth, 1998). In some sense voids have a considerably more complex evo-
lutionary path than overdense halos. This prodded the development of a two-barrier
excursion set formalism (see sect. 3.7 in accompanying lecture notes on the theory of
the Cosmic Web). The two barriers refer to two processes that dictate the evolution of
voids: their merging into ever larger voids as well as the collapse and disappearance
of small ones embedded in overdense regions (see fig. 26).

Void Merging

First, consider a small region which was less dense than the critical δv. It may be
that this region is embedded in a significantly larger underdense region which is also
less dense than the critical density. Many small primordial density troughs may exist
within the larger void region. Once small voids located within the larger embedding
underdensity have emerged as true voids at some earlier epoch, their expansion tends
to slow down. Subsequently, they merge and get absorbed into the larger void emerg-
ing from the embedding underdensity as it reaches its shell-crossing phase. There-
fore, we should identify the larger region as a large void today, while the smaller
subvoids should not anymore be counted as such (see fig. 26, top row).

Void Collapse

A second void process is responsible for the radical dissimilarity between void and
halo populations. If a small scale minimum is embedded in a sufficiently high large
scale density maximum, then the collapse of the larger surrounding region will even-
tually squeeze the underdense region it surrounds: the small-scale void will vanish
when the region around it has collapsed completely. Alternatively, though usually
coupled, they may collapse as a result of the tidal force field in which they find
themselves. If the void within the contracting overdensity has been squeezed to van-
ishingly small size it should no longer be counted as a void (see fig. 26, bottom row).
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Fig. 26. The two modes of void evolution: void merging (top row) and void collapse (bottom
row). Top: three timesteps of evolving void structure in a 1283 particle N-body simulation of
structure formation in an SCDM model (aexp = 0.1, 0.3, 0.5). The sequence shows the gradual
development of a large void of diameter ≈ 25h−1Mpc as the complex pattern of smaller voids
and structures which had emerged within it at an earlier time, merge with one another. It
illustrates the void-in-void process of the evolving void hierarchy. Bottom: a choice of three
collapsing voids in a constrained N-body simulation, each embedded within an environment
of different tidal shear strength. The arrows indicate the velocity vectors, showing the infall
of outer regions onto the void region. As a result the voids will be crushed as the surrounding
matter rains down on them.

The collapse of small voids is an important aspect of the symmetry breaking
between underdensities and overdensities. In the primorial Universe, Gaussian pri-
mordial conditions involve a perfect symmetry between under- and overdense. Any
inspection of a galaxy redshift map or an N-body simulation shows that there is a
marked difference between matter clumps and voids. While the number density of
halos is dominated by small objects, void collapse is responsible for the lack of small
voids.

4.5 Void Excursions

The excursion set formalism allows an elegant formulation and evaluation of the
complex evolution of voids outlined above in terms of a two-barrier excursion set
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formalism. The merging and collapse barriers have been indicated by horizontal bars
in the Brownian random walk diagram of fig. 27. In the formalism developed by
(Sheth & van de Weygaert, 2004) the maturing/merging threshold is set to a fixed
threshold value, independent of scale: the shell-crossing value δv = −2.81 of spheri-
cal voids. The void collapse of an underdensity embedded within a contracting over-
density is set by the collapse barrier δc (for halos).

Void-in-Void & Void-in-Cloud

Since many small voids may coexist within one larger void, we must not count all of
the smaller voids as distinct objects, lest we overestimate the number of small voids
and the total volume fraction in voids. This is called the void-in-void problem. In this
case small voids from an early epoch merge with one another to form a larger void at
a later epoch. It is analogous to the well-known cloud-in-cloud problem associated
with the number density of initially overdense peaks. To account for the impact of
voids disappearing when embedded in collapsing regions, we must also deal with the
void-in-cloud problem. Also see fig. 9 in van de Weygaert & Bond (2005).

By contrast, the evolution of overdensities is governed only by the cloud-in-cloud
process; the cloud-in-void process is much less important, because clouds which
condense in a large scale void are not torn apart as their parent void expands around
them. This asymmetry between how the surrounding environment affects halo and
void formation is incorporated into the excursion set approach by using one barrier
to model halo formation and a second barrier to model void formation (Fig. 9 in van
de Weygaert & Bond (2005)). Only the first barrier matters for halo formation, but
both barriers play a role in determining the expected abundance of voids.

Brownian Void Walks

Figure 27 depicts two different random walks, each illustrative examples of the void
evolution processes. The red Brownian random walk relates to the void-in-void tra-
jectory of void formation through the merging of voids. The green Brownian random
walk depicts the fateful events unfolding for a collapsing void, a void-in-halo tra-
jectory. The void-in-void random walk looks very much the inverse of that for the
cloud-in-cloud process associated with halo mergers. The associated random walk
shows that the present-day void V1 contains more mass (S ∼ 1.6) than the smaller
void V2 (S ∼ 3.2) which merged into V1. The red random walk concerns a location
which at early times was found within a small void V2. This void, however, is em-
bedded on a mass larger mass scale within an overdense halo H1. Once this entity
collapses into a massive virialized halo, V2 will have disappeared.

If a walk first crosses δc and then crosses δv on a smaller scale, then the smaller
void is contained within a larger collapsed region. Since the larger region has col-
lapsed, the smaller void within it no longer exists, so it should not be counted. The
only bona-fide voids are those associated with walks which cross δv without first
crossing δc. The problem of estimating the fraction of mass in voids reduces to esti-
mating the fraction of random walks which first crossed δv at S , and which did not
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Fig. 27. Two-barrier excursion set formalism for the two void processes: void merging (red)
and void collapse (green). Random walk exhibited by the average overdensity δ centred on
a randomly chosen position in a Gaussian random field, as a function of smoothing scale,
parametrized by S M (large volume are on the left, small volumes on the right). Dashed hori-
zontal lines indicate the collapse barrier δc and the void shell-crossing barrier δv.

cross δc at any S ′ < S : the description of the void hierarchy requires solution of a
two-barrier problem.

4.6 Void Spectrum

The analytical evaluation of the two-barrier random walk problem leads directly to
a prediction of the distribution function nv(M) for voids on a mass scale M. With
respect to the linear extrapolated density field the matured void on a mass scale m
corresponds to a fractional relative underdensity

√
νv(M),

νv(M) ≡ |δv|
σ(M) , (6)
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with the dependence on the mass scale M entering via the rms density fluctuation on
that scale, σ(M). According to the (Sheth & van de Weygaert, 2004) the resulting
void mass spectrum may be approximated by

nv(M) dM ≈
(7)√

2
π

ρu

M2 νv(M) exp
(
−νv(M)2

2

) ∣∣∣∣∣
d lnσ(M)

d ln M

∣∣∣∣∣ exp
{
−|δv|
δc

D2

4ν2v
− 2D

4

ν4v

}
.

which for a pure power-law power spectrum yields

nv(M) dM ≈
√

1
2π

(
1 + n

3

)
ρu

M2

(
M

Mv,∗

)(3+n)/6
exp

−
(

M
Mv,∗

)(3+n)/3 × (8)

exp
−
D2

2


|δv|
4δc
+ D2

(
M

Mv,∗

)−(3+n)/3
(

M
Mv,∗

)−(3+n)/3 .

The quantityD is the “void-and-cloud parameter”,

D ≡ |δv|
(δc + |δv|)

. (9)

It parameterizes the impact of halo evolution on the evolving population of voids:
the likelihood of smaller voids being crushed through the void-in-cloud process de-
creases as the relative value of the collapse barrier δc with respect to the void barrier
δv becomes larger.

Along with the derived void distribution a variety of related interesting observa-
tions may be made. One aspect concerns the fraction of mass contained in voids on
mass scale M,

f (M) = M nv(M)
ρu

. (10)

The resulting distribution is also peaked. The top lefthand frame of fig. 28 shows that
most of the void mass is indeed to be found in voids of characteristic mass Mv,∗. At
any given time the mass fraction in voids is approximately thirty percent of the mass
in the Universe.

Characteristic Void Size

Expression 9 shows clearly that n(M) cuts-off sharply at both small and large values
of νv. This becomes clear when inspecting The number density nv(R) of voids of
radius R5 in fig. 28 (bottom lefthand frame). It shows that the distribution of void

5 The conversion of the void mass scale to equivalent void radius R is done by assuming the
simplest approximation, that of the spherical tophat model. According to this model a void
has expanded by a factor of 1.7 by the time it has mature, so that Vv = (M/ρu) ∗ 1.73.
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Fig. 28. Distribution of void radii predicted on the basis of equation (9), in an Einstein de-
Sitter model with P(k) ∝ k−1.5, normalized to σ8 = 0.9 at z = 0. Top left panel shows the mass
fraction in voids of radius r. Bottom left panel shows the number density of voids of radius
r. Note that the void-size distribution is well peaked about a characteristic size provided one
accounts for the void-in-cloud process. Top right panel shows the cumulative distribution of
the void volume fraction. Dashed and solid curves in the top panels and bottom left panel
show the two natural choices for the importance of the void-in-cloud process discussed in
the text: δc = 1.06 and 1.686, with δv = −2.81. Dotted curve shows the result of ignoring
the void-in-cloud process entirely. Clearly, the number of small voids decreases as the ratio
of δc/|δv| decreases. Bottom right panel shows the evolution of the cumulative void volume
fraction distribution. The three curves in this panel are for δc = 1.686(1 + z), where z = 0
(solid), 0.5 (dotted) and 1 (dashed).
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masses is reasonably well peaked about ν ≈ 1, corresponding to a characteristic
mass scale of order σ0(M) ≈ |δv|.

The above implies that at any one cosmic epoch there is a characteristic void size
which increases with time: the larger voids present at late time formed from mergers
of smaller voids which formed at earlier times. For pure power-law power spectra
this means that this self-similar evolution of the void population centers around the
evolving void mass Mv,∗:

Mv,∗(t) ∝ D(t)6/(3+n) Mv,∗,o , (11)

in which the present-day characteristic void mass, inversely proportional to |δv|, is

Mv,∗,o =

(
2A
δ2

v

)3/(3+n)
. (12)

Self-similar Void Evolution

In an Einstein de-Sitter universe, δc, δv and σ(m) all have the same time depen-
dence, so equation (9) evolves self-similarly, parameterized by the characteristic
“void mass” Mv,∗. Also for more general world-models the approximation of self-
similar void evolution should be quite accurate as the time dependences are only
slightly different.

4.7 Void Evolution

The population of large voids is insensitive to the void-in-cloud process. The large
mass cutoff of the void spectrum is similar to the ones for clusters and reflects the
Gaussian nature of the fluctuation field from which the objects have condensed. The
gradual merging of voids into ever larger ones is embodied in the self-similar shift
of the peak of the void spectrum, ie. of Mv,∗. The abundance of voids which larger
than the typical initial comoving sizes of clusters is therefore reasonably described
by peaks theory (Bardeen et al., 1986; Sheth & van de Weygaert, 2004).

While the two-barrier excursion set formalism offers an attractive theoretical ex-
planation for the distinct asymmetry between clumps and voids and for the peaked
void size distribution, we need to identify where the disappearing small-scale voids
are to be found in a genuine evolving cosmic matter distribution. Using the GIF N-
body simulations of various CDM scenarios, Platen (2005) has managed to trace
various specimen of this unfortunate void population. Using the new Watershed
Void Finder technique Platen, van de Weygaert & Jones (2007) identified small-
scale voids at high redshift (z=3) and subsequently followed their evolution. Fig. 29
shows the void distribution in and around a large central underdensity at four cosmic
epochs, z = 3.0, 2.0, 1.5 and 0.5. The fate of the subvoids within the large present-day
void is clearly visible: the interior ones tend to merge with surrounding peers while
the ones near the boundary get squeezed out of existence. Close inspection shows
that the small voids are not collapsing isotropically. Instead they tend to get sheared
by their surroundings.



Observations and Morphology of the Cosmic Web 55

Fig. 29. Evolving Void Hierarchy: the structure in and around a large central void in a GIF
ΛCDM simulation. At z = 3 the watershed WVF voidfinder (Platen et al. 2007a) has been
applied to trace the outline of voids in the matter distribution. Particles at the surrounding
ridges (boundaries) are subsequently followed. The four frames depict the resulting particle
distribution in a 5h−1Mpc thick and ≈ 60h−1Mpc wide slice, at 4 successive time intervals:
z = 3.0, 2.0, 1.5 and 0.5. Clearly visible is the fate of subvoids within the large present-day
void: either they merge into the background or they get squeezed out of existence near the
boundary. From Platen et al. 2008. Courtesy GIF simulation: J. Colberg & Virgo consortium.

This image of void formation in the dark matter distribution has been elaborated
by Furlanetto & Piran (2006) to describe the implications for voids in the galaxy
distribution while it forms the starting point for various ongoing investigations.

The demise of small voids near the boundaries of large voids, touching the sur-
rounding filaments and sheets, is a clear indication for the importance of tidal influ-
ences on the developing subvoid. Tidal stresses induced by the large scale vicinity
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will be of major importance for their final fate. One may argue that tidal influences
are more important for voids than they are for halos. Because their underdensity is
naturally limited (δ ≥ −1) and because their size is expanding the environment re-
tains a dominant dynamical influence, in particular over the outer region of the voids.
The accompanying force field will in general be anisotropic and if strong enough en-
force a shearing collapse. It is entirely in line with the recent observation by Park &
Lee (2007) and Platen, van de Weygaert & Jones (2007b), that the shape of voids is
significantly affected by the tidal influence of the surrounding matter distribution.

4.8 Soapsud of Voids

An important aspect of the implied void population is that it is approximately space-
filling. It underlines the adagio that the large scale distribution of matter may be
compared to a soapsud of expanding bubbles. This follows from evaluation of the
cumulative integral

fV (M) ≡
∫ ∞

M
(1.7)3 M′ nv(M′)

ρu
dM′ . (13)

where the factor 1.7 is an estimate of the excess expansion of the void based upon the
spherical model for void evolution (see footnote). The resulting (current) cumulative
void volume distribution is shown in the top righthand panel of fig. 28. For a finite
value of void radius R the whole of space indeed appears to be occupied by voids.
Even more impressive is the corresponding self-similar evolution of the culumative
void volume distribution fV(M, t). The bottom righthand frame of fig. 28 shows the
gradual shift of the cumulative volume distribution towards larger voids. The cor-
rect image appears to be that of a gradually unfolding bubbly universe in which the
average size of the voids grows as small voids merge into ever larger ones.

5 Conclusion: Morphology of the Cosmic Web

The Megaparsec scale galaxy distribution defines one of the most intriguing spatial
patterns in nature, the Cosmic Web. In these notes we have looked into the many
diverse aspects of the available observational information. For a considerable period
the spatial analysis of weblike structures has been based on rather ill-defined heuris-
tic concepts, difficult to interpret within the context of existing theories. We have
provided a review of the recent activity towards this direction. A set of techniques
has opened the path towards a meaningful quantitative analysis. Morphologically, the
most distinct elements of the Cosmic Web are filaments and voids. Filaments have
figured prominently in the accompanying theoretical treatise (van de Weygaert &
Bond, 2005) on the formation of the web. In these lecture notes we have put special
emphasis on the voids in cosmic matter and galaxy distribution.
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Gaztañaga E.: Astrophys. J. 398, L17 (1992)
Geller M., Huchra J. P.: Nature 246, 897 (1989)
Gladders M.D., Yee H.K.C.: Astron. J. 120, 2148 (2000)
Goldberg D.M., Vogeley M.S.: Astrophys. J. 605, 1 (2004)
Gott J.R. III, Dickinson M., Melott A.L.: Astrophys. J. 306, 341 (1986)
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