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Cosmic 

Structure Formation

Gravitational Instability 

& 

Nbody simulations

Temperature Map CMB radiation:
Tiny variations in primordial temperature, reflecting tiny inhomogeneities in 
energy density of D~10-5 K at 
recombination epoch, 379,000 yrs after Big Bang

global representation cosmic surface last scattering:  the world inside out
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Primordial  Gaussian  Noise  Field:
- Stochastic field of density perturbations 

in the primordial universe.
- Origin:

quantum noise at inflationary epoch 
t ~ 10-36 sec.  
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Density Perturbation Field:
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Gravity  Perturbations

Gravity  Perturbations
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The Universe should be 
Uniform:  homogeneous & isotropic

Migration Streams of 
matter induced by gravity
resulting from small perturbations

(Energy)  Density  Perturbations    

Gravity  Perturbations

(Cosmic) Flows of  (Energy) & Matter:    

∑ towards high density regions:

‐ assemble more and more matter

‐ their expansion comes to a halt

‐ turn around and collapse 

∑ evacuating void regions

‐ low‐density regions expand

‐matter moves out of region

‐ turn into prominent empty voids

Emergence of cosmic structures

∑ Computer Simulations

‐ succesfull confrontation with  

observational reality

density field δ(x,t) gravity field g(x,t)

displaced mass:

structure forming
peculiar velocity  v(x,t)

Cosmic Structure Formation
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Cosmic Structure Formation

Formation 

Cosmic Web:

simulation 

sequence

(cold) 

dark matter

(courtesy:

Virgo/V. Springel).

top left to bottom right:        gradual unfolding of Cosmic Web 
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● hierarchical structure formation
● anisotropic collapse
● void formation:    

asymmetry 
overdense vs. underdense

Dynamical  Evolution Cosmic  Web

Structures in the Universe form 

by 

gradual hierarchical assembly:

 small objects emerge & collapse 

first, 

 then merge with other clumps 

while forming larger objects 

in hierarchy
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Millennium II

Angulo et al. 

Voids:

Formation & Structure
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Void Formation

Void Evolution

an illustration

cosmology: 

initial conditions:

underdensity,  Gaussian field

01.0; 70 / /m H km s Mpc  

1

0.5

~ 4
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Void Formation
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NEXUS/MMF
Evolution Cosmic Web

Cautun et al. 2013 
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Evolving Filament & Wall Network

Total length of filament network :

decreasing as a function of time

Total surface area of wall network :

decreasing as a function of time

Web Mass Emigration
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Mass Migration

CGV halo & web evolution

Rieder et al. 
2013
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CGV:
on walls & filaments

CGV_D CGV_G

z=3.7

z=1.6

z=0.55

z=0

• Mollweide sky projection 
matter distribution around CGV halos

• CGV halos embedded in walls

• Walls dominate void infrastructure

• substantial fraction in filaments 
(embedded in walls)

• active dynamical evolution of 
wall-filament goes along with 
active void galaxy halo evolution  

Rieder et al. 
2013

CGV:
on walls & filaments

CGV_D CGV_G

z=3.7

z=1.6

z=0.55

z=0

• Mollweide sky projection 
matter distribution around CGV halos

• CGV halos embedded in walls

• Walls dominate void infrastructure

• substantial fraction in filaments 
(embedded in walls)

• active dynamical evolution of 
wall-filament goes along with 
active void galaxy halo evolution  

merging system of 
Intravoid walls 
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Hierarchical Filament Formation

Aragon-Calvo 2007

Void Hierarchy
Void formation: - via gradual merging of voids

- demolition of small voids 
Dubinski et al.  1993
Van de Weygaert & van Kampen 1993

Constrained Void Simulations:                               CRF formalism: 
Van de Weygaert 1991                                                  Bertschinger 1987
vdW & van Kampen 1993                                             vdW & Bertschinger 1996
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Hierarchical 

Web Evolution:

“Lagrangian” view: 

development and fate

patterns LSS

Platen & vdW 2004 

Hierarchical 

Web Evolution:

Void hierarchy 

expressed in  

multiscale structure 

velocity outflow

Aragon-Calvo & Szalay 2012 
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largely based on excellent Potsdam lectures on Nbody simulations (2006)
by V. Springel 
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Cosmic Web:        Gas Simulation

courtesy:  V. Springel
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Particle Simulation

Courtesy: J. Hidding
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Mass Element Evolution

Courtesy: J. Hidding

Tessellation Deformation
& Phase Space Projection

Translation towards 
Multi-D space:

- Look at deformation 
of initial tessellation

- each tessellation cell 
represents matter cell

- evolution deforms cell

- once cells start to
overlap, manifestation 
of different phase-space
matter streams  

particle 
displacement

fluid element 
deformation
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• 1000 particles
in spherical volume

• initial conditions:
random/semi-random

• 323 particle
in cubic volume

• initial conditions:
1st time proper 
cosmological Gaussian conditions:

Zeldovich approximation

• PM particle-mesh simulation

the 
“Cosmic  Chicken”
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• Davis, Efstathiou, Frenk & White 

• HDM does not work:  absence older small structure
• CDM simulations, 
• 323 particles in cubic box
• P3M  particle-particle particle-mesh code
• large range of publications establishes CDM as standard  

cosmology 
• Gruber prize 2011

• Davis, Efstathiou, Frenk & White 

• HDM does not work:  absence older small structure
• CDM simulations, 
• 323 particles in cubic box
• P3M particle-particle particle-mesh code
• large range of publications establishes CDM as standard 

cosmology 
• Gruber prize 2011
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 Run:  2005

 Virgo consortium:    UK‐Germany centered European consortium

 2005‐2014:    650 publications based on Millennium

 Nbody simulation, TreePM  (Gadget2)

 LCDM cosmology

 21603  particles ~ 10 x 1010 particles

 Volume:               cubic region  500h‐1 Mpc 

 Resolution:          5h‐1 kpc

 Dynamic range:  105 per dimension

 Data:                    25 Terabyte

 Galaxy modelling by semi‐analytical  modelling

 2x107 galaxies  with   mass  >   LMC

 Public Database:  

VO‐oriented and SQL‐queryable database   (G. Lemson)

• 21603 particles
~10 billion particles

• 5123 Mpc box

• LCDM cosmology

• Gadget2 TreePM code
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• 21603 particles
~10 billion particles

• 5123 Mpc box

• LCDM cosmology

• Gadget2 TreePM code
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On the basis

Semi-analytical models (SAM)
of galaxy formation:

DM particle distribution

DM halos (clumps):
collapsed & virialized clumps

Complex (> 18 parameter) SAM models 
use halos to populate these with galaxies

• Morphology, Luminosity, Colour etc. 
of model galaxies dependent on 
- mass halos
- merger rate and history 
- and other factors

Figure:
Comparison Millennium simulation 
SDSS, 2dFGRS, CfA  galaxy surveys
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Millennium-II
 Run:  2009

 Virgo consortium:    

 Nbody simulation, TreePM  (Gadget)

 LCDM cosmology

 21603  particles ~ 10 x 1010 particles

 Volume:               cubic region  100h‐1 Mpc 

 Resolution:          1h‐1 kpc

 Dynamic range:  105 per dimension

 Particle mass:      6.89 x 10 6 MŸ/h
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 Run:  2010

 Virgo consortium:    UK‐Germany centered European consortium

 First  multi – 100 billion particle simulation

 Nbody simulation, TreePM  (Gadget2)

 LCDM cosmology

 67203  particles ~ 300 x 1010 particles

 Volume:               cubic region  4.1  Gpc 

216  volume Millennium

27000  volumes Millennium‐II

 Run on JUROPA supercomputer,

12,000 cores,  300 years CPU time, 30 Terabyte RAM

 Data:                    100 Terabyte

 Galaxy modelling by semi‐analytical  modelling

 700 x 106 galaxies at z=0
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DEFW 1985
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DEFW 1985

DEFW 1985
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Springel 2009

Springel 2009
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Springel 2009

AREPO (Springel):
Kelvin-Helmholtz Instability

Springel 2009
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AREPO (Springel):
Rayleigh-Taylor Instability

Springel 2009
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 Run:  2013‐2014

 First  multi – 100 billion particle simulation

 Arepo  adaptive‐grid (Voronoi)  Nbody+hydro simulations

 LCDM cosmology

 67203  particles ~ 300 x 1010 particles

 Run on various supercomputers (France, Germany, USA),

8192 cores,  19 million CPU hours, 25 Terabyte RAM

 Data:                    230 Terabyte
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Phase Space 
Evolution

Dark Matter Phase Space sheet:

3-D structure projection of a 
folding DM phase space sheet 
In 6-D phase space 

- Shandarin              2010, 2011
- Neyrinck et al.        2011, 2012

Origami
- Abel et al.              2011

Evolving matter distribution in 
position-velocity space – 1D

Phase Space Evolution

Phase space:

Velocity   vs.   Position 

Density:

 ( , ) , ,x t f x v t dv  
   
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Lagrangian-Eulerian
Phase Space

To follow evolving phase-space of cosmic structure, it is sometimes insightful 
to consider a coordinate transformation of 6D phase-space:

Eulerian coordinates       and  Eulerian coordinates      of a mass element:

Note that in Zeldovich approximation, the velocity   of a mass element is:

x


q


( , )f x q
 

( , ) ( ) ( ) ( ) ( )v q t a t D t f q   
  

Tessellation Deformation
& Phase Space Projection

Translation towards 
Multi-D space:

- Look at deformation 
of initial tessellation

- each tessellation cell 
represents matter cell

- evolution deforms cell

- once cells start to
overlap, manifestation 
of different phase-space
matter streams  
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Tessellation Deformation
& Phase Space Projection

Translation towards 
Multi-D space:

- Look at deformation 
of initial tessellation

- each tessellation cell 
represents matter cell

- evolution deforms cell

- once cells start to
overlap, manifestation 
of different phase-space
matter streams  

particle 
displacement

fluid element 
deformation

Tessellation Deformation
& Phase Space Projection

Translation towards 
Multi-D space:

- Look at deformation 
of initial tessellation

- each tessellation cell 
represents matter cell

- evolution deforms cell

t=t0

t=t1
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x
x t J x q q q

q
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
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

Conservation of mass 
(continuity eqn.):

 0
1 0

1

( , ) ,
V

x t q t
V

 
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Monostream 
Density Evolution
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(Cosmic)  ORIGAMI

Mark Neyrinck

mono stream

multi stream

Evolution of dynamical system:
Phase-space folding – Cosmic Origami

 0
1 0

1

( , ) ,i
total i

i i

V
x t q t

V
  

Multistream Density  
Estimates
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Multistream Density  
Estimates

Cosmic Web Stream Density
Translation towards 
Multi-D space:

Density of 
dark matter streams:

- # phase space folds

=

# locally overlapping  
tessellation cells 
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Springel 2009
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largely based on excellent Potsdam lectures on Nbody simulations (2006)
by V. Springel 
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