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E_rgodic T heorem

Statistical Cosmological
Principle

Cosmological Principle:

Universe is Isotropic and Homogeneous

Homogeneous & Isotropic Random Field 1//(;(.):

Homogenaus ply (x+a)l = ply ()] _
sovoric ply (x—y)I = ply (1 X~y D]

Within Universe one particular realization l//(X) :

Observations: only spatial distribution in that one particular W(X)
Theory Pl ()]
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Ergodic Theorem

Spatial Averages
Ensemble Averages $—  over one realization
of random field

* Basis for statistical analysis cosmological large scale structure

* In statistical mechanics Ergodic Hypothesis usually refers to time evolution
of system, in cosmological applications to spatial distribution at one fixed time

Ergodic Theorem

Validity Ergodic Theorem:

« Proven for Gaussian random fields with continuous power spectrum
* Requirement:
spatial correlations decay sufficiently rapidly with separation
such that
many statistically independent volumes in one realization

2S¢

All information present in complete distribution function p[y/(;()] available
from single sampley/(x) over all space
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Fair Sample Hypothesis

« Statistical Cosmological Principle

+

» Weak cosmological principle
(small fluctuations initially and today over Hubble scale)

+

+ Ergodic Hypothesis

fair sample hypothesis
(Peebles 1980)

Discrete e.g. (_ontinuous
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Discrete & Continuous
Distributions

» How to relate discrete and continuous distributions:

+ Define number density n(;() for a point process:

n(x) = n[1+ S(x)] = 2% (X — Xi)

5D (X) Dirac Delta function

<Z 5D (;(. - Z)> = ﬁ ensemble average

Corrclation Functions




Correlation Functions

Joint probability that
in each one of

the two infinitesimal volumes

dv, & dv,,

at distancerr,

lies a galaxy

500
bt Mpe h-! Mpe bt Mpe

Infinitesimal Definition Two-Point Correlation Function:

dP(r) = ; (L+&(r)) dVidVs

mean density

Correlation Functions

In case of
Homogeneous & Isotropic
point process

then 5(6

only dependent on

Irl=r

Infinitesimal Definition Two-Point Correlation Function:

dP('r') = (7 (1 + f('f)) dV1dVs

mean density

7/1/2009



Correlation Functions

Discrete = Continuous
Two-point correlation function Autocorrelation function
dP(X, %) = N AV,dV, [L+ E(5,)] £(5) =(800)50%))

r.=|x —x probability for 2 points in
12 =14 =% | dV, and dV,

<5(§<)> =0

Correlation Functions

» Gaussian (primordial and large-scale) density field:

Autocorrelation function &(r) Fourier transform power spectrum P(k)
dk

r) = r|) = — P(k)e kT

) = &) = [ 55 Pr®

Autocorrelation function completely specifies statistical properties
of field

* First order measure of deviations from uniformity

» Nonlinear objects (halos):
&(r) measure of density profile

* Large Scales:
related to dynamics of structure formation via e.g.
cosmic virial theorem

7/1/2009
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Correlation Functions:
related measures

Other measures related to &(r) :

« Second-order intensity ~ 4:(r) =n"&(r) +1
+ Pair correlation function ~ 9(r) =1+&(r)
- Conditional density I'(r) =n(@+£(r))

Correlation Functions:
related measures

J,(r) = &(y)y*dy

Volume averaged correlation function aj(r)

3
Arr’

3J5(r)

r3

E(r) =

_[Or A& (X)XdX =




Power-law Correlations
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oy £(r) = (—j
L o
100 =
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et | |r=18
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X e I, = 5h~Mpc
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e
Totsuji & Kihara 1969
— &(r)=(r/6.14 h™'Mpe)™'"
'F 1 Peebles 1975, 1980, ...
0.1 ] o "1‘() ' B
r, (h™" Mpec)

Correlation Functions

Elry) = 1.

1000

Clustering length/
“Correlation” length

Coherence length
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(Correlation Function

I~ stimators

Minimal Estimator

For galaxies close to the boundary

the number of neighbours is * . *

Underestimated. One way to : .

overcome this problem is to consider E » |

as centers for counting neighbours 5 . .

only galaxies lying within an inner : . % 5'

window W, '. ! . ° P
1 r ° <—>

Vg, is the volume of the shell of LIS . . :

width dr ° . e

10
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Edge-Corrected Estimator

gedge(r) v (VV) Z L (r) -1

N;(r): number of neighours at distance

|
r

in the interval [r,r+dr] from galaxy | | ® . J
Vi  volume of the intersection of the . rtdr
shell with W (7> .
W: when W a cube, an analytic L v;

o, .

[ ] LI °
L]

expression for V; can be found
in Baddely et al. (1993).

Estimators Redshift Surveys

« In redshift surveys, galaxies are not sampled uniformly over the survey volume

* Depth selection:

in magnitude-limited surveys, the sampling density decreases as function of
distance

* Survey Geometry
boundaries of survey often nontrivially defined:
- slice surveys
- non-uniform sky coverage

etc.

Clustering in survey compared with sample of Poisson distributed points,
following the same sampling behaviour in depth and survey geometry

Difference in clustering between
data sample (D) and Poisson sample (R)
genuine clustering

11



Estimators Redshift Surveys

Clustering in survey compared with sample of Poisson distributed points,
following the same sampling behaviour in depth and survey geometry

Difference in clustering between
data sample (D) and Poisson sample (R)
genuine clustering

1, (DD)
gDP(r)_Em_l
£ () DD><RR>_1

_ - ) (PD) _n, (DR)
§Ls(r)—1+( Dj <RR> 2nD <RR>

Davis-Peebles
(1983)

Hamilton
(1993)

Landy-Szalay
(1993)

Angular

Two—-Point (orrelation Function

7/1/2009
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Angu]ar (orrelation Function

Galaxy sky distribution:

« Galaxies clustered,
a projected expression of the
true 3-D clustering

« Probability to find a galaxy near
another galaxy higher than
average (Poisson) probability

« Quantitatively expressed by
2-pt correlation function w():

dP(0) = {1+ w(0)}Q,dQ,

Excess probability of finding
2 gal’s at angular distance 6

dP(6) = n* {1+ w(0)}Q,dQ,

4

Two-point angular correlation
function is the “projection” of &(r)

Limber’s Equation:

J] p0Q) pOG) XX dxdx,E(1 X% — X, |

[T x2 p(x)dx}

w(o) =

p(x): survey selection function

13



| imber E_quation

P(%) P(X,) %X, dx AX,E(| X, — X, [)

U x? p(x)dx}

w(@) = '”

4

r

g(r):[r_OJy PRI w(@):A(%jyl

0.03<z<0.04

2<0.0] 0.04 <z<0.05

0.0 <z<0.02 0.05<z<0.00

" L
0.02<z<0.03 25 0.06

7/1/2009
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Angular Clustcring Secali ng

Two—Point correlation function:
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Angular Clustcring Secali ng

gn*t* AFM survey

w(6)
0.1
T
-
»*
*
* 0
* O b
* 0 b
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<
> o
P
< 0
< 0
;};']
*

An ular size structures
smallerwhen more distant

Frcjection of
more lagcrs
leads to
dccrcasing

amplitudcw(ﬂ)

8 (degrees)
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Angular Clustering Scaling

AFM survey

w(8)

SSoP®N
QOO WN

[«0ObpoOX%
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[ SeamI
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An ular size structures
smaller when more distant

Frojcction of
more lagcrs
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w(&D.,)

go
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Angular Clustering Secali ng

The angular scaling of w(8) is found back to even fainter magnituc]es in the

5D55 survey (m=22)
Clear evidence that there are no signiFicant [argc structures on scales> 100-200 Mpc

1 R — . : e 01 [
fe ]
S * 18<r<19

01: 2

3001 3 * 3 —~001 - *
F L I - | D

0,001 |

00001 ittt el i L I
001 0.1 1 10 0.01 01 1

6 (degrees) 6 (degrees)

Redshift Spacc Distortions

7/1/2009
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Redshift Distortions

o |n rcalitﬁ, galaxics do not cxactlg follow the
o

[Hubble

W:

Jn addition to the cosmological ﬂow, there are

loca”g induced vclocity comPoncnts in a galaxg’s

motion:

CZ = Hr+v

the galaxy’s Pcculiar vclocitg v

PCC

. As a result, maps on the basis of galaxy z do not

reflect the galaxics’ true spatial distribution

[ Redshift Distortions

J/

Origin of Pcculiar velocities:

three regimes

* very l-»igh~clcnsit3 virialized
cluster (core) regions:
“thermal” motion in clustcr,
up to > 1000 km/s

“Fingcrs of God”

. co"apsin ovcrdensit3
(Formingcgfustcr):
imqow/inFau vclocitg

. Largc scales:
(]incar, quasi~]incar) cosmic ﬂow,
manifestation of structure growth

Real space: Redshift space:

—= L)

Squashing effect

Linear regime

@ Collapsed

Turnaround

&
v

Collapsing Finger-of-god

7/1/2009
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Fingcrs of (God

CZ = Hrclust

Galaxy velocity /

component along
line of sight

= 21 deg- —

T

D

l before

Coma Cluster :
z=10.023 (6900 km/s) -
390 sources modified

“finger”
transformed
into gaussian

sphere

Fingers of (God

(_lusters of galaxics:

Mass: 10109 M,
Radius: ~ 1.5 MPC
Ovcrclensitg A~ 1000

Thermal vc|ocit3: ~1000km/s

]ntcrnal cluster galaxg velocities
visible in Prqjcction alonghnc of sig]-lt

—_— “]:ingcr of God”

2 des. —>

before

Abell 3558
2=0.048 (14,400 km/s)
279 sources modified

“finger’”
transformed
into ganssian

sphere

7/1/2009
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Nonlinear In{:a" Pattern

C|ustcr]n¥a||:

Matterin surrounclings Fa“ing
in onto cluster: N

«infallvelocities up to 1000 l<rn/s
radia"y dcclining:

« velocities decrease as distance
to cluster centre increases

. ro'ectedradialvelocity
Emction of anglc & distance
wrt. cluster centre.

—_—
. triP|e~va|ue region redshiﬁ:space:
- within turnaround radius,
a Particularrcdshi&z
may corrcsponci to3 spatia|
positions

(a)

REAL SPACE

(b) REDSHIFT SPACE

R N . ot
a 1 -1 0 1
X
8000 T T T T T T T T T TTTT
C ]
‘>‘~ = -
3 8000 (— _—
2 LN 4
° n - i
> K = 4
3 L == b
T 7000 =" -
H - i
E ]
oottt b v e b b
140 145 150 155 160
distance

Nonlinear |nfall Pattern

Cluster C austics:

Three-value region clusterinfall:

Fr;)jcction onto restricted conc—shapccl
redshift space regions around clusters

[ nclosed within caustic surfaces

Position caustics clcPcnclcnt on Q

6000

5000

radial velocity
~
=]
=]
o

o ETTIITTTTITITTITT I

g
T

T o
RN

TR

| SR |

~

J
i
H
L
9
3
]

2 3
o [degrees]
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]__argc Scalc Flows

Largc-—Scalc FIOWS:
«On |arge (MPC) scales,

structure formation
stillin |incarrcgimc

* Structure buiHuP
accomPanicd
bg clisP|accmcnt of matter:
~Cosmicflows

. Directly related to
cosmic matter distribution

oln Princ{i']:v]t: ossible to
correctforthis distortion,
ie. to invert the map ing

fromreal to redshi space

« Condition: (
entire mass distribution v(ix,t) = .[l () a / dx’ 6,0(x', 1) ()(’—X]J
within volume should b ! [x" — x|*

bc maPPCd

Largc 5ca|c Flows

30 REAL-SPACE REDSHIFT-SPACE 30
l l 3RS R
arge-Ocale | lows: B <2
Theinduced largc scale I 1
eculiarvelocities translate
P s
into extra contributions to N = o
the redshift of the 5a|axics
ComParc g T 1
“rcalsPacc” structure vs. z
sredshift space” structure 2 UNSELECTED (a)
830 - a0
8
@
2
0 - —o
SELECTED

(spwx 0004) AnoojA

7/1/2009
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(orrelation Functions:

Redshift 5Pace

22



n /h"Mpc

n /h"Mpc

sky-redshift space
2-pt correlation function &(o,m)

Correlation function determined
in sky-redshift space:

¢(o,7)

sky position: o = (a, 5)
redshift coordinate: 7z = CZ

Close distances:
distortion due to non-linear
Finger of God

Large distances:
distortions due to large-scale
flows

¢ /h”"Mpc

Redshift Space Distortions
Correlation Function

On average, &, (S) gets amplified

wrt. &, (r)

Linear perturbation theory
(Kaiser 1987):

1

Large distances:
distortions due to large-scale
flows

2 0.6 1.2
SE)=ErS RS2 EEE)

7/1/2009
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100 ¢

10

0.1

O
0.01

Spatial ZPt-Corrclation Function

SDSS
LCRS

(s/8 h™'Mpec)™"*

|

0.1

1

s (h™!

Mpc)

Mcasurcmcnt
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Deprojected Spatial Correlations

2pt correlation function
not an ideal power-law:

Halo Model:

Two-point correlation function
combination of

1) small-scale correlations,
due to galaxies inside
one dark matter halo

2) large scale correlations
between dark matter halos

Convergence to Homogeneity

The correlation function
g(=1+&(r)

Stromlo-APM, Las Campanas
CfA2, ESP redshift surveys.

The fractal behavior at small
scales dissapears at larger
distances, providing evidence
for a gradual transition to
homogeneity.

1+4(n)

100

10

0.01

0.001

OLCRS (N_,=26,000)
@5DSS Early Data (N, =29,300)
m2dF (N_,=200,000)

Hl I\;‘.J‘IIHHl

;.A::@%

ﬁ%

---APM deprojected

0.1

1

10
hs {(Mpe)

10 |-

4

Plot from Martinez, 1999, Science, 284, 445.
(1) Loveday et al., 1995, ApJ, 442, 457
(2) Tuckeretal., 1997, MNRAS, 285, L5

(3) Guzzo et al.,, 2000, AA, 355, 1

T T
Stromlo-APM
Las Campanas =»
‘ ESP <]
* CfA2 . ]
i,
ot Ly=
P
i o
C
t
D,=3 48
2 "0 % a0 suly . :. 'S .
1 L
10 100
r (h"™ Mpc)
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Luminositg DFPenclcncc

Correlation unctions

Galaxy Luminosity Dependence

T T
. SDSS
i R | correlation function
AN
N3 1z q q .
100 | t for galaxies in different
I . % . . .
' t\g luminosity bins
i
. ; .
10 ' | |
,,,,, 0<M 21 | 1
0<z< 0174 I
.
21 M 20.0
0.052 z < 0.097
N ).0 M 1€
1} 0.0 z < 0.051
f . i
0.1 1 10
(F Mpc)
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5Patial Structure &

Correlation Functions

Structural Insensitivity

Voronoi foam, R=16, smoothed original

2-pt correlation function is
highly insensitive to the geometry & morphology
of weblike patterns:

compare 2 distributions with same

&), cq. P(K),
but totally different phase distribution

In practice, some sensitivity in terms of distinction
Field, Filamentary, Wall-like and Cluster-dominated
distributions:

because of different fractal dimensions

7/1/2009
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Structural Sensitivity

Wall-
dominated

&(r)

&(r)

Filamentary

&

Cluster-like

Cluster

(Correlation unctions

28



Clustering
of
Clusters

Clusters cluster much more strongly
than galaxies:

- clustering defines superclusters !

- also power-law 2-pt correlation fct.
- same power law slope y~1.8

- much higher correlation length r, :

ro ~ 15-25 h'' Mpc

Clusters of
Galaxies

Coma Cluster

Perseus Cluster

7/1/2009
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0.1

0.1

Richness-Dependent Cluster Correlations

100

10

0.1

0.01

| o I [ B e b )

IIHI T /IHHI

TTTT
B
=

T T Illl||‘

T II!IIII

T

TT llllll

T T T TTTT

@X-ray Clusters

mOptical Galaxies

1 llHlHI 1 llllilll

| Illllll

|

LL

©
1

1

1 lllllll

More massive clusters are
systematically more strongly
clustered than lower mass ones.

b \
] \
N
\

= === power law fit, Younger et al., 2005

35 - = compilation of Bachall et al., 2003
\\} # this work
30 1
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- N § = g
4 =25
— . . i P
L s .
E 3 °
N ] : 14
r 1 20 - -7
&ﬁf
' Npoz13 T Ny216 i-
r b 3
L i N WO o4 o | | 1 1
20 30 40 50 60 20 30 40 50 60 20 40 80 80 100
r [h-! Mpc] r [h=! Mpe] d [h~! Mpe]
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Richness-Dependent Cluster Correlations

More massive clusters are more L B e o e B

systematically more strongly T ——
clustered than lower mass ones: 35~ = compilation of Bachall et al., 2003 s
simple model: 30 i ]
Szalay & Schramm 1985 [
(L)Y - I [ 5
ee(r) = B ( ]

T [ 1 [’
°! f‘iﬁ
L(R) = n7'/® o ]
OF i ¢ v sa s oy gy L]
20 40 80 80 100

Sca]ing of

Clustcr Corrclation Functions:

a geomctric model
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Tcmplatcs forthe Cosmic Web

Voronoi Models:

filament

Perfect

Power-law clustering
Voronoi vertices

&)

32
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Self-similar Clustering

1000 cwer L N L N
P 1
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0.1 - -
E Tt
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As function of mass, the correlation length r, and coherence length r,
increase unanimously.
ro/ A, r./A, r./Ty Y
I\]ll |I|ll|l _|||l|ll||||llI|||__lll T l|l||||ll_2.2
2 - A E 4t i
[ | « | i
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As function of mass, the correlation length r, and coherence length r,
increase unanimously.
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Higher Order

(orrelation Functions:

N-point correlation functions

* N-point correlation function

EM (X, Xy e X))

+ Probability function of finding an n-tuplet of galaxies in
n specified volumes dVv,, dV,, ..., dV,

dP(X,, X,,.... X.) =N [L+EM]dV,dV,...dV,

35
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3-point correlation functions

3-point correlation function

dP (%, X;, %;) = N [L+ & 1dV,dV,dV,

[1+&@] = <H (1+5i)>

[1+EPT=1+E(r,) + (1) + E(h) + £ (1,15, 1)

7/1/2009
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3-point correlation functions

3-point correlation function

[+ EPT=1+E(n,) + () + () + S (1,15, 1)

reduced 3-point correlation function

{(h 1. 5) =(5,5,6,)

excess correlation over that described by the 2-pt contributions

{#0: non-Gaussian density field
Hierarchical ansatz (Groth & Peebles 1977)

Cf(Fl, E’ F3') = Q(§12§23 + 523531 + 531512)

Fowcr SPcctrum

7/1/2009
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Power Spectrum

 Directly measuring clustering in
Fourier space:

- More intuitive physically:
separating processes on different scales
- Theoretical model predictions are made
in terms of power spectrum
- Amplitudes for different wavenumbers are
statistically orthogonal

Power Spectrum P(k)

§(x) = (;:)3 o(k)e

(2m)* P (k1) op(k1 — ko) (f (k1) f*(ka))

P(k) o (f(k)f"(K))

7/1/2009
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CDM Power Spectrum P(k)

k" o nd+ 2.349))
[1+3.89¢ + (16.1¢)% + (5.46¢)% + (6.71¢)*]"* (2.34¢)°

Pcpm(k) o

q = k/I’

QI)
y -Qm.oh exP{_Qh - -Qm.o}

Power Spectrum P(k)

Q, =03

r= 0.50
3 0.60
0.70
0.80
0.90
1.00

k?® P(k) o001

0.0001

r=

0.10
0.15
0.20
0.25
0.30
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Power Spectrum - Correlation Function

P(k) = [ d°r&(r)e’

d°k

£(r) = [ 5P (K)e ™
(27)’
T k*dk sin(kr)
sowopy: - &(1)=4e[ TS PUO=
2 1 2
Delta-power A (k) = 2 P(k)k
21
L (h""Mpc)
1000 100 10 1 0.1

2 T | T T T T T T T 2

1 11

or - 0
@’é 1L -1
2 2| ]2
oy 3
83 14

-4+ 7 5

5+ X 6

-6 " N N N N 7

0001  0.01 0.1 1 10 100

k(h Mpc™)
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Power Spectrum Estimators

Direct estimator
Pixelization and maximum likelihood

Karhunen-Loewe (signal-to-noise)
transform

Quadratic compression
Bayesian

Multiresolution decomposition

Tegmark, Hamilton, Strauss, Vogeley, and Szalay, (1998),
Measuring the galaxy power spectrum with future redshift
surveys, ApJ, 499, 555

Karhunen-
Loeve

Decomposition in series of
orthogonal
signal-noise eigenfunctions

Vogeley & Szalay 1995
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Density fluctuations
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functions, the effect of the window has been approximately corrected by multiplying by the net effect of the window on a model power spectrum with Qqh =

0.168, 2,/Q = 0.0,k = 0.72 & ny = 1. A zero-baryon model was chosen in order 10 avoid adding features into the power spectrum. Al of the data are
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Minimal SPanning T ree
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ToPologg

Topology and the Morphology of
LSS

» Deals with Excursion Sets, i.e. regions where a
field exceeds a certain level usually given in
terms of the rms fluctuation.

 This could be the temperature field on the CMB
Sky or the density field traced by galaxies.
 In general the excursion set will consist of a

number of disjoint pieces which may be simply
or multiply connected.
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The Gauss-Bonnet Theorem

2(M) = [ kdA+ [ kgds+i(ﬂ_ai)

Two dimensional manifold M with boundary oM; k is the
Gaussian curvature of M; k, is the geodesic curvature
of oM; the boundary is piecewise smooth, having n
vertices

The quantity y is the Euler-Poincaré characteristic of M
and is a topological invariant...
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Topology in 2D

For a 2D excursion set defined on a flat plane,

27z;(:jkgds=j%

In 2D, this gives the number of isolated regions
minus the number of holes in such regions..

Lots of isolated regions: >0, like “meatballs”

One isolated region with lots of holes: <0, like
“Swiss cheese”

The Usefulness of y

The mean value of y can be
calculated analytically for
Gaussian random fields
(test of GRF hypothesis?)

In 3D the mean level is
characterised by g>0 (a
sponge)

In 2D the mean level has
x=0.

There is no 2D equivalent of
a sponge!
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Topology in 3D
For a 3D excursion bounded by a 2D surface
2my= jk dA=4z(1-g)

In 2D, it is typical to refer to the genus, g, which is
the number of “handles”

Topological Genus

F1c. 3.— The average genns curve for 50 realizations of a Gaus-
sian random field with P{k) =~ k=1 together with the expecterd
analytical resul (solid Ene). Error bars are 1 o deviations.
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Fic. 1.— Spatial distribution of the low- (left column) and
high density (right column) regions for a realization of a Gaussian
random field, with comparatively Ettle smoothing. The upper pair
shows the 7% low, 93% high density regions, the middle pair stands
for 50%~-30%, and the lower pair shows the 93% low-density, 7%
high-density case.

Fic. 2.— Spatial distribution of the low- (Jeft column) and
high density (right column) regions for a realization of a Gaussian
random field, with heavy smoothing. The upper pair shows the 7%
low, 93% high density regions, the middle pair stands for 30%-50%,
and the lower pair shows the 93% low-density, 7% high-density
case.,

Minkowski functionals

More recently this has been put on a much more rigorous
footing using Minkowski functionals.

In d dimensions there are (d+1) invariants satisfying additivity,
continuity, translation invariance and rotation invariance.

In 3D, for example, these are:

volume,
area,
mean curvature,

Euler-Poisson characteristic y

7/1/2009
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Minkowski functionals in 2D
(area, length and y)

Area functional
o
v
Length functional
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Morse Theorg

—

- Density  [Field Flow]ines
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Dcnsitg Field Flow | ines

Dcnsitg Field:
Flow | ines

(ritical Points:
7 < Maxima
- Minima —
~ Sadc“c Foints ,(omc various signaturc)
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