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General Relativity:

Einstein Field Equations




Einstein Field Equation

Metric tensor:

Energy-Momentum tensor:

P
T,llv = (p_l_c_z

Einstein Field Equation

Einstein Tensor:

1
G,uv = R,uv —E Rg

uv

G, =T =0

A% AN %
Einstein Tensor only rank 2
tensor for which this holds:

G,uv ee T,uv
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Einstein Field Equation

g,uv;v = O

Freedom to add a multiple of
metric tensor to Einstein tensor:

:_87Z'GT

4 uv
C
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Einstein Field Equation

Einstein Field Equation

curvature side
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Equation of State

restframe:




Dynamics

Relativistic Poisson Equation:

V2¢ <0 Repulsion !!!

Curved Space:

Friedmann-Robertson Metric
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Cosmological Principle:
the Universe Simple & Smooth

“God is an infinite sphere whose centre is
everywhere and its circumference nowhere”

Cosmological Principle:

Describes the symmetries in global appearance of the Universe:

The Universe is the same everywhere:
HomOgeneous - physical quantities  (density, T,p,...)

The Universe looks the same in every direction

Isotropic

Physical Laws same everywhere

Universality

The Universe “grows” with same rate in
- every direction
- at every location

"all places in the Universe are alike”

—
—
—
—

Uniformly Expanding

Property Closed Euclidean Open
Spatial Curvature Positive Zero Negative
ggz}fmference SeRsl adl —
Sphere Area < 4nR? 4tR? > 47R?
Sphere Volume <4, nR3 4, wR? >4/, TR3
Triangle Angle Sum > 180° 180° < 180°
Total Volume Finite (2n? R?) Infinite Infinite
Sphere Plane Saddle
Surface Analog ; @ ‘_\%




Robertson-Walker Metric

Distances in a uniformly curved spacetime is specified in terms of the
Robertson-Walker metric. The spacetime distance of a point at coordinate
(r,0,¢) is:

RL)[d62+sin20d¢2]

C

ds® =c’dt® —a(t)®{dr® + Rczskz(

where the function S, (r/R.)
specifies the effect of curvature
on the distances between
points in spacetime

-

S~
— —— —
— T e

Spherical space Flat space Hyperbolic space
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Einstein Field Equation

G% =3(R?+ke?)/R? = 876

CZ

87G

2

G', =(2RR+R*+ke?)/R? = - -

10
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Friedmann-Robertson-Walker-Lemaitre
Universe

Cosmic Expansion Factor

R(t)
RO

a(t) =

+ Cosmic Expansion is a
uniform expansion of

space

() =a(t)x

11



Friedmann-Robertson-Walker-Lemaitre

Universe

Friedmann-Robertson-Walker-Lemaitre
Universe

Because of General Relativity, the evolution of the Universe is
determined by four factors:

» density p(t)

+ pressure p(t)
ke® /R, k=0,+1,-1

R,: present curvature radius

curvature

cosmological constant A

* Density & Pressure: - in relativity, energy & momentum need to be
seen as one physical quantity (four-vector)
- pressure = momentum flux
« Curvature: - gravity is a manifestation of geometry spacetime
« Cosmological Constant: - free parameter in General Relativity
- Einstein’s “biggest blunder”
- mysteriously, since 1998 we know it dominates
the Universe

11/12/2013
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Cosmological Constant

&
FRW equations

Friedmann-Robertson-Walker-Lemaitre
Universe

a——@( +3—pja+éa
3 (P72 )3
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Dark Energy & Energy Density

Friedmann-Robertson-Walker-Lemaitre
Universe

14



Cosmic Constituents

Cosmic Constituents

The total energy content of Universe made up by various constituents, principal ones:

matter .
baryonic matter
dark matter

radiation photons

neutrino’s

dark/

vacuum energy

In addition, contributions by - gravitational waves
- magnetic fields,
- cosmic rays ...

Poor constraints on their contribution: henceforth we will not take them into account !

11/12/2013
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LCDM Cosmology

« Concordance cosmology

- model that fits the majority of cosmological observations
- universe dominated by Dark Matter and Dark Energy

W Dark Energy

@ Dark Matter

_ M Free Hydrogen & Helium
| O Stars

@ Neutrinos

@ Heavy Elements

LCDM composition today ...

Cosmic Energy Inventory

dark sector 0.954 £ 0.003
dark energy 0.724+0.03
dark matter 0.23+0.03
primeval gravitational waves < 10710

primeval thermal remnants 0.0010 + 0.0005
10—4-3%0.0

10—2.9£0.1
_1p—4.1£0.0

electromagnetic radiation
neutrinos
prestellar nuclear binding energy

baryon rest mass 0.045 £ 0.003
warm intergalactic plasma 0.040 + 0.003
virialized regions of galaxies 0.024 + 0.005
intergalactic 0.016 + 0.005
intracluster plasma 0.0018 + 0.0007
main sequence stars spheroids and bulges 0.0015
disks and irregulars 0.0007
white dwarfs 0.00036 +
neutron stars 0.00005 + (
black holes 0.00007 £ (
substellar objects 0.00014 + €
HI + Hel 0.00062 + 0.0
molecular gas 0.00016 + 0.00006
planets T
condensed matter
sequestered in massive black holes 107° J‘(1 + €n)

lO—G 64+0.3

primeval gravitational binding energy —10—6-1£0.1

virialized halos of galaxies
clusters
large-scale structure

Fukugita & Peebles 2004

11/12/2013
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Cosmic Constituents:

Evolving Energy Density

FRW Energy Equation

To infer the evolving energy density p(t) of each cosmic component, we refer to

the cosmic energy equation. This equation can be directly inferred from the FRW
equations

The equation forms a direct expression of the adiabatic expansion of the Universe,
ie.

— 2 Internal energy
U = pety e }duz—pdv

V oC a3 Expanding volume

17
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FRW Energy Equation

To infer p(t) from the energy equation, we need to know the pressure p(t) for
that particular medium/ingredient of the Universe.

p+3(p+cﬂzjg:o

To infer p(t), we need to know the nature of the medium, which provides
us with the equation of state,

p=p(po,3)

Cosmic Constituents:
Evolution of Energy Density

P (t) c at)”
prad (t) o a(t)_4
PO =

U w=-1
RO

18
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Dark Energy:
Equation of State

Dark Energy & Cosmic Acceleration

Nature Dark Energy:

(Parameterized) Equation of State

p(p) = wpc®

Cosmic Acceleration:

Gravitational Repulsion:

p=wpc’ <

19



Dark Energy & Cosmic Acceleration

DE equation of State

p(p) =wpc? pu(@)=p,(3)a

=3(1+w)

Cosmological Constant:

A w=-1 P, = Cst.

“A1/13>w>-1:
D, € a73(1+W) 1+w>0 decreases with time
W

Phantom Energy:

D, o a—3(1+w)
w

1+w<0 increases with time

Dynamic Dark Energy

DE equation of State Dynamically evolving dark energy,
parameterization:

p(p) =wpc’ w(a) =w, +(1-a)w, ~w,(a)

Pu(8) = p,(3) exp{—ﬁ%da’}

11/12/2013
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Critical Density & Omega

FRW Dynamics

Critical Density:
- Fora Universe with A=o
- Given a particular expansion rate H(t)

- Density corresponding to a
flat Universe (k=0)

11/12/2013
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FRW Dynamics

In a FRW Universe,
densities are in the order of the critical density,

3Ho2 2 A =3
Pesit = - =1.8791h" x10™" gcm

£, =1.8791x107° Qh* gecm™
=2.78x10" Qh*  M_Mpc™

FRW Dynamics

In a matter-dominated Universe,
the evolution and fate of the Universe entirely determined
by the (energy) density in units of critical density:

_87Gp

Arguably, Q isthe most important parameter of cosmology !!!

Present-day Po = 1.8791x 10729 th g CI'T‘r3
Cosmic Density: — 2 78x10% Oh? M . MpC73
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FRW Dynamics

 The individual contributions to the energy density of
the Universe can be figured into the 2 parameter:

- radiation Py _0T'IC? 8aGoT*
rad — =T T Taog22

pcrit pcrit 3H 2C2
- matter Qm -0 + Qb

dm

- dark energy/
cosmological constant

Q=Q ,+Q +Q,

Critical Density

There is a 1-1 relation between the total energy content
of the Universe and its curvature. From FRW equations:

5 H2R2

C2

k (Q_l) Q:Qrad +Qm+QA

k=-1 Hyperbolic ~ Open Universe
Flat Critical Universe

Spherical Close Universe

23



FRW Universe: Curvature

There is a 1-1 relation between the total energy content
of the Universe and its curvature. From FRW equations:

5 HZRZ

CZ

k (Q_l) Q:Qrad +Qm+QA

-1 Hyperbolic ~ Open Universe
Flat Critical Universe

Spherical Close Universe

Radiation, Matter & Dark Energy

The individual contributions to the energy density of
the Universe can be figured into the () parameter:

- radiation O _Pa_oT /c? 8zGoT*
red Perit Perit 3H ZCZ

Qm =Q +Qb

dm

- dark energy/ o A
cosmological constant

11/12/2013

24



11/12/2013

Hubble Expansion

Hubble Expansion

+ Cosmic Expansion is a uniform expansion of space

+ Objects do not move themselves:
they are like beacons tied to a uniformly expanding sheet:

F(t) = a(t)X

F(t) = a(t)X = gai “H@)F

25



Hubble Expansion

+ Cosmic Expansion is a uniform expansion of space

+ Objects do not move themselves:

they are like beacons tied to a uniformly ex;

rit)=a

F(t) = a(t)X = gai “H()F

Hubble Parameter

- Foralong time, the correct value of the Hubble constant H,
was a major unsettled issue:

H,=50 kms'MpC' o H, =100 kms*Mpc*

- This meant distances and timescales in the Universe had to

deal with uncertainties of a factor 2 !!!

- Following major programs, such as Hubble Key Project, the
Supernova key projects and the WMAP CMB measurements,

H,=71.9"%%kms*Mpc™

11/12/2013
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Hubble Time

=)

Hubble Distance

Just as the Hubble time sets a natural time scale for the universe,

one may also infer a natural distance scale of the universe, the

27



Acceleration Parameter

FRW Dynamics:
Cosmic Acceleration

Cosmic acceleration quantified
by means of dimensionless deceleration parameter q(t):

Examples:

Q,=% Q=0

Q,.=03 Q, =07,
q=-0.65

11/12/2013
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Dynamics

FRW Universe

General Solution
Expanding FRW Universe

From the FRW equations:
2
H (t) Qrad,o Qm,o
2~ 4 T3
H, a a

1-Q
+QA’°+TO

Expansion history
a (t) Universe

;"0 +Q, 2% +(1-9)

11/12/2013
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aexp(t)

8gyp(t)

Age of the Universe

C () <1 Matter-dominated 1 Age of a FRW universe at
BE 7 Expansion factor a(t)
06 | ]

o 4 a
04 I Hubble time 4 H t:J' da

N t= ! ] 0 Qrad Qm 2
“H 21 ST 2 a’ +(1-Q
oz H t=2" = a a
0 : s ¢ 1 1 | ]

0.8 = Q >1 Matter-dominated .

06 | ]
04 — _
-3

20 15 10 5 0

(t,—t) [Gyr]

Specific Solutions
FRW Universe

While general solutions to the FRW equations is only possible
by numerical integration, analytical solutions may be found
for particular classes of cosmologies:

11/12/2013
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Matter-Dominated Universes

« Assume radiation contribution is negligible:

Q0 *5x107°
Q, =0

* Zero cosmological constant:

« Matter-dominated, including curvature

5 T T

Albert Einstein and Willem de Sitter discussing the
Universe. In 1932 they published a paper together on the
Einstein-de Sitter universe, which is a model with flat
geometry containing matter as the only significant
substance.

Age
EdS Universe:

31



Free Expanding "Milne" Universe

0, =0
Q, =0

k=-1
Empty space is curved

2
2

FRW: & = —% = cst.

0

Singularity

Age
Empty Universe:

. SN Ll
‘.#51--1 T .
s

Willem de Sitter (1872-1934; Sneek-Leiden)
Age director Leiden Observatory
De Sitter Universe: infinitely old alma mater: Groningen University

11/12/2013
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Expansion

Radiation-dominated Universe
Qrad =1

Q = 0 In the very early Universe, the energy density is
m completely dominated by radiation. The dynamics of the
Q o 0 very early Universe is there fully determined by the
A evolution of the radiation energy density:

1
FRW: g2= ?paz = @% e p(3)c -
a

Age
Radiation
Universe:

General Flat FRW Universe

k=0
p, ) cat)®™™ < p=wpc’

P

33



Observational Cosmology

in
FRW Universe

Cosmic Redshift

<z

( )\cm — /\U
1 z = — e
| “ < PPr— a(bobs) \
obs — a,(t ) U
\ em
Aobs — Aem | *® ‘@ ~ You're receding

A().ﬂl

~

P W
BuipeoceJ ai,.noj

® =

11/12/2013
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RW Distance Measure

In an (expanding) space with Robertson-Walker metric,

ds? = c2dt? —a(t)? {drz + RCZSkZ(RLJ[dHZ +sin? 9d¢2:|}

C

there are several definitions for distance, dependent on how you measure it.

They all involve the central distance function, the RW Distance Measure,

D(r)=RS, | —

Angular Diameter Distance

Imagine an object of proper size d, at redshift z, its angular size A is given by

d=a(t)RS, (RLJ A0 A0=$=Di

C

Angular Diameter distance:

35



Luminosity Distance

Imagine an object of luminosity L(v,), at redshift z, its flux density at observed

frequency v, is
L(v.) Lo Lo
S = e 80:—:—
(v) 47D (1+72) — 47D (1+2)° 47D’

Luminosity distance:

D, =D(1+2)

FRW Redshift-Distance

Observing in a FRW Universe, we locate galaxies in terms of their redshift z. To
connect this to their true physical distance, we need to know what the coordinate
distance r of an object with redshift z,

R.dr=——dz
H(z2)

In a FRW Universe, the dependence of the Hubble expansion rate H(z) at any
redshift z depends on the content of matter, dark energy and radiation, as well
ss its curvature. This leads to the following explicit expression for the
redshift-distance relation,

. 5 g 2 -1/2
Rodr=H—{(1—Qo)(1+Z) +Q, 0+ Qo (1+2) +Qrad,0(1+z)} dz

0

11/12/2013
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Matter-Dominated FRW Universe

in a matter-dominated Universe, the redshift-distance relation is

R,dr = Hi{(l—Qo)(1+ z) +Q, (L+ 2)3}1/2 dz

0

from which one may find that

Mattig’s Formula

The integral expression

dz’

C
RIr=—
“ H

; ;[(1+ 7)1+ Q7'

can be evaluated by using the substitution:

This leads to Mattig’s formula:

. j_ngH(Qo—Z){HQoZ -1

D(z)=RS, | —
(2) C"(R H, 0. (1+2)

C

This is one of the very most important and most useful equations
in observational cosmology.

37



Mattig’s Formula

D(z) =R.S, (R—

C

H, Q) (1+2)

In a low-density Universe, it is better to use the following version:

rJ c z 1+ 1+Q,z

R _H_01+21+1+Qoz +Q,2/2

For a Universe with a cosmological constant, there is not an easily
tractable analytical expression (a Mattig’s formula). The comoving
Distance r has to be found through a numerical evaluation of the
fundamental dr/dz expression.

D(2) = RcSk(

C

Distance-Redshift Relation, 2" order

For all general FRW Universe, the
second-order distance-redshift relation is identical,
only depending on the deceleration parameter q,:

g, can be related to Q, once the equation of state is known.

- j_EQOer(QO—z){\/uTOz—l}

11/12/2013
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Angular Diameter Distance
matter-dominated FRW Universe

L
2
redshift z

In a matter-dominated Universe, the angular diameter distance as function of
redshift is given by:

2 1

1 r
D.(2)= RS, [?j _H—Om{goz +(0,-2) ({1 Q2 —1)}

C

Angular Size - Redshift

FRW Universe

0(2) = Di

A

The angular size 6(z) of an object of physical
size / at a redshift z displays an interesting
behaviour. In most FRW universes is has a
minimum at a medium range redshift -
z=1.25 in an Q=1 EdS universe - and increases
again at higher redshifts.

In a matter-dominated Universe, the angular diameter distance as function of
redshift is given by:

D,(2) = ﬁ R.S, (RLJ _ 2¢ ;{Qoz +(0,-2)(Y1+ 02 —1)}

L) H_OQO2 (1+z)’

11/12/2013
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Luminosity Distance
matter-dominated FRW Universe

D, =D(+2) = (1+2)RS, (Ri)

C

In a matter-dominated Universe, the luminosity distance as function of redshift is
given by:

D,(z) = 1+ 2)RS, (iJ i{gou(go—z)(ngoz—l)}

R ) Q7H,

FRW Universe Distances

summary
100
EdS ' ' Empty ' LCDM
— Db — Dy — Db
10 - Dnm - Dnm - Dmm
E — Dy, — Dy E — D,
—D —D, —D
L
o1
°
I
0.1
0.01 0 0
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How Much ?

Cosmic Curvature

Cosmic Microwave Background

Map of the Universe at Recombination Epoch (WMAP, 2003):
« 379,000 years after Big Bang
« Subhorizon perturbations: primordial sound waves
< ATIT < 10-5

41
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Measuring Curvature

Measuring the Geometry of the Universe:

Object with known physical size,
at large cosmological distance

Measure angular extent on sky

Comparison yields light path,
and from this the curvature of space

Ina FRW Universe:
lightpaths described by

Robertson-Walker metric
Geometry Of 2 _ 2442 2{ 2 2 z(r
ds® =cdt® —a(t)*1dr* + RS, | —

Space

ch[d92+sin29d¢2]}

Measuring Curvature

« Object with known physical size,
at large cosmological distance:

- Sound Waves in the Early Universe !!!!

Ina FRW Universe:
lightpaths described by
Robertson-Walker metric
Temperature Fluctuations

CMB ds? = c?dt? —a(t)? {drz +R2S,2 (Rij[dez +sin? 9d¢2]}

c

42



Music of the Spheres

e small ripples in

primordial matter & photon distribution
e gravity:

- compression primordial photon gas

- photon pressure resists

e compressions and rarefactions
in photon gas: sound waves

e sound waves not heard, but seen:
- compressions: (photon) T higher
- rarefactions: lower

o fundamental mode sound spectrum
- size of “instrument”:
- (sound) horizon size last scattering

e Observed, angular size: 0~1°
- exact scale maximum compression, the
W“&osmic fundamental mode of music”
. Hu

0.2*

The WMAP CMB temperature
powerrspectrum

&
x
=
2
S
Q
&

TT Cross Power
Spectrum

— A-CDM Al Data
WMAP
\ ¢ CBI
4 AGBAR

Cgsmic sound horizon

v
& \

The Cosmic Microwave Background Temperature Anisotropies:
Universe is almost perfectly flat

11/12/2013
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Standard Ruler:
1° arc measurement of
dominant energy spike

Angular Scale

8000

7000

6000

5000

4000

Anisotropy Power

3000

2000
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20°

2

Liial 1 I I 1 I R

0.5° 0.2°

OPEN

10

1

00 500 1000

Multipole moment [

(e
CMB

Open [omega<i)

Clased |omegss1
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Cosmic Constraints

I' 1 Union2 SN la
L2 1 L Compilation
\ 1 with SN
Q 1 Systematics
q ~—0 QA 10 |
2 5 )
,
2p2 ~
H R 08
k=—5—(Q,+Q, - | &
&
0.6
SCP Union2 constraints (2010) o .
I' ; "ﬁ:}a
on values of matter density Q,, BACH .
dark energy density Q, - | | .
. ! P
E 8 ¥
U'?J.n 0.2 : 0.4 0. 0.3 Lo
Qy
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Concordance Universe

Concordance Expansion
i a>a,,
2 a(t)~a_, eV
a i T
. : .. . expansion like
15 - a> 01 q < 0 De Sitter expansion
past :_ _______ >
a<a I ! —
o 1 : future ]
3 213 /
[ 1
a(t) ~ (E Qm,O Hot) ;
| -
1
Easunverse [ ,8<0;, >0
0 deceleration PR SR S T SRS T NN S SR N
2 1 0 1 2
Hu (t_to)
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H,=71.94+2.6 kms "' Mpc™

LCDM Cosmology

» Concordance cosmology

- model that fits the majority of cosmological observations
- universe dominated by Dark Matter and Dark Energy

W Dark Energy

@ Dark Matter

= M Free Hydrogen & Helium
O Stars

O Neutrinos

@ Heavy Elements

LCDM composition today ...

11/12/2013
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Matter-Dark Energy
Transition

a . '=0.57

Note: a more appropriate characteristic transition
Flat is that at which the deceleration turns into
Universe acceleration:

] Qm,o
- =g
, 21-Q,,)

Cosmic Future

48
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Cosmic Horizons

age of universe

We can see gas at

points A and B before

they knew about each
%, other.

LA

S,
% /')@
. B

500,000 yr

distance

Gas at point A has received signals Gas at point B has received signals
from this part of the universe. from this part of the universe.

Copyright © Addison Waslay.

Particle Horizon of the Universe:
distance that light travelled since the Big Bang

Cosmic Particle Horizon

Light travel in an expanding Universe:

« Robertson-Walker metric: =c%dt® - a(t)2 [

- Light:

_pedt ¢ cdt’
- a(t’) > a(t’)

Horizon distance in comoving space Horizon distance in physical space

Particle Horizon of the Universe:
distance that light travelled since the Big Bang

49
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Cosmic Particle Horizon

Particle Horizon of the Universe:
distance that light travelled since the Big Bang

~ j cdt’ cdt’
sa) a(t’)

Horizon distance in comoving space Horizon distance in physical space

RHor = a(t)j.

In a spatially flat Universe, the horizon distance has a finite value for w>-1/3

Cosmic Particle Horizon

Particle Horizon of the Universe:
distance that light travelled since the Big Bang

In a spatially flat Universe, the horizon distance has a finite value for w>-1/3
2
a(t) oc t3-3w | Wy Guor(bo) =Clo =

d Hor (to) = 3Ct0 flat, matter-dominated universe

d Hor (to) = ZCtO flat, radiation-dominated universe

50



Infinite Particle Horizon

Particle Horizon of the Universe:
distance that light travelled since the Big Bang

In a spatially flat Universe, the horizon distance is infinite for w<-11/3

In such a universe, all of space is causally connected to observer:

In such a universe, you could see every point in space.

Cosmic Event Horizon

Light travel in an expanding Universe:

« Robertson-Walker metric: =c%dt® - a(t)2 [

- Light:

+cdt’ ©cdt’
event Revent - a t ’
> a(t’) - a(t’)

Event Horizon distance in Event Horizon distance in
comoving space physical space

Event Horizon of the Universe:
the distance over which one may still communicate ...

11/12/2013
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Cosmic Event Horizon

Event Horizon of the Universe:
distance light may still travel in Universe.

T cdt’ T cdt’
or — ' REHor = a(t) '
- ! a(t’) ! a(t)

Event Horizon distance comoving space Event Horizon distance physical space

In a spatially flat Universe, the event horizon is:

1+3w

» dEHor (to) oC {tw

Cosmic Event Horizon

Event Horizon of the Universe:
distance light may still travel in Universe.

» dEHor(tO)OC t3+3W

In a spatially flat Universe, the event horizon is:
1+3w

w>-1/3 - ey =© dEHor (to) oC t3+3w

w<-1/3 - deyr finite shrinking event horizon:

11/12/2013
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EXPANDING UNIVERSE, SHRINKING VIEW

The universe may be infinite, but consider what happens to the patch of space
around us (purple sphere), of which we see only a part (yellow inner sphere).
As space expands, galaxies (orange spots) spread out. As light has time

to propagate, we observers on Earth (or our predecessors or descendants)
can see a steadily increasing volume of space. About six billion years ago,
the expansion began to accelerate, carrying distant galaxies away
from us faster than light.

Observable region

o At the onset of acceleration,
we see the largest number of
galaxies that we ever will.

o The visible region grows, but the
overall universe grows even faster,
sowe actually see a smaller

NOTE: fraction of what is out there, 9 Distant galaxies (those not bound to
Because space is expanding us by gravity) move out of our range of
uniformly, alien beings in other view. Meanwhile, gravity pulls nearby
galaxies see this same pattern, galaxies together.

Cosmic Fate

100 Gigayears:
the end of Cosmology

100 BILLION YEARS FROM NOW 100 TRILLION YEARS FROM NOW

11/12/2013
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