
Lecture 9

Galactic Chemical Evolution,

the star formation history of the Universe

and luminosity evolution of galaxies

This rather long lecture will focus on the ba-

sics of Galactic Chemical Evolution (GCE)

and how observations of nucleosynthesis in

galaxies can constrain models of galaxy for-

mation. This leads rather naturally into the

metal-production and star formation history

of the Universe. We will end with a short

discussion of observations of the evolution

of the luminosity functions of galaxies.
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Galactic Chemical Evolution (GCE)

We begin our discussion of GCE with the def-
inition of a few key concepts. This overview
follows closely that of Tinsley (1980), al-
though I have changed a few variable names
to conform to modern usage and expanded
a few equations to account for outflows as
well as inflows (cf. Pagel 1997).

First, we’ll need the initial mass function (IMF;
see Lecture 5) and star formation rate (SFR),
which are defined as follows. The number of
stars formed in the mass interval (m, m+dm)
in the time interval (t, t + dt) is

φ(m)ψ(t)dm dt, (1)

where ψ(t) is the total mass of stars formed
per unit time and is called the SFR and φ(m),
which may itself be a time-dependent func-
tion, is called the IMF and is normalized so
that ∫ mU

mL

mφ(m) dm = 1, (2)

where mL and mU are the lower and upper
mass cutoffs of the IMF.
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We often approximate φ(m) as a power-law,

at least over a specified range of masses,

φ(m) ∝ m−(1+x), (3)

where x is called the slope of the IMF. This

isn’t strictly true, particularly below about

1M¯ (Scalo 1986; Kroupa et al. 1991), but

we tend to use this form because it works

well when interpreting the spectra and metal-

licities of galaxies. In particular, most people

tend use x = 1.35, the Salpeter (1955) value.

Following Schmidt (1959), some workers pa-

rameterize the SFR as

ψ ∝ ρn, (4)

where ρ is the local gas density and n is

some (unspecified) exponent. But the SFR

ψ(t) is very likely to be exceptionally compli-

cated function depending on all the factors

that make star formation itself a complicated

process. It is best to try to write the GCE

equations with some time-averaged ψ̄.
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Now we can write the basic equations of GCE.

First, conservation of mass:

M = g + s (5)

is the total mass of the system, where g ≡ Mg

is the mass in the gas phase and s ≡ Ms is

the mass in stars at any given time, and

dM

dt
=

dg

dt
+

ds

dt
= F − E, (6)

where F is the rate at which mass flows into

the system (due to, say, infall) and E is the

rate at which mass flows out of the system

(due to, say, a galactic wind). The fraction

of the mass in gas is µ ≡ g/M . The mass of

stars is governed by

ds

dt
= ψ − e, (7)

where e is the ejection rate of matter from

stars, and the mass in gas is governed by

dg

dt
= F − E + e− ψ. (8)
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The ejection rate e can be written in terms of

the IMF and SFR if we make the assumption

that each star undergoes its entire mass loss

instantaneously at the end of a well-defined

lifetime. Let mrem be the remnant mass and

τm the lifetime of a star of initial mass m.

The star was therefore formed at time (t−τm)

if it dies at time t. Then the ejection rate at

time t is

e(t) =
∫ mU

mτ=t

(m−mrem)ψ(t− τm)φ(m) dm,

(9)

where mτ=t is the turnoff mass and φ(m)

here is the IMF at time (t−τm). Our assump-

tion is only reasonable for turnoff masses lower

than B stars, because these stars lose mass

on the MS; so this approximation breaks down

for times t ¿ 107 Gyr or so.
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The abundance of a stable (non-radioactive)

element in the gas is

d

dt
(gZ) = eZ − Zψ + ZFF − ZEE, (10)

where the first term on the right-hand side

is the total amount of the element ejected

by stars (this includes both newly synthesized

metals and those in stars from birth that were

released upon their deaths), the second is

the loss of the element from the ISM due to

star formation, the third is the replenishment

from any inflowing gas, and the fourth is the

loss due to any outflow.
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Let qZ(m) be the mass fraction of a star

with mass m that is converted into metals

and ejected; then the rate of ejection of new

metals from stars at time t is
∫ mU

mτ=t

mqZ(m)ψ(t− τm)φ(m) dm. (11)

Unprocessed material occupies a mass (m −
mrem −mqZ) of the ejected part of the star,

and the metal abundance of this region is

Z(t − τm). Therefore the total ejection rate

eZ of both old and new metals is the sum

of Eq. 11 to the unprocessed rate from all

masses:

eZ =
∫ mU

mτ=t

[(m−mrem −mqZ)Z(t− τm) + mqZ(m)]

×ψ(t− τm)φ(m) dm. (12)
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The mean metallicity of all the stars ever

formed Zs can obtained from the conserva-

tion equation for metals: a mass sZs of met-

als is stored in stars, a mass gZ is in gas,

and the sum is the mass of new metals ever

ejected, obtained by integrating Eq. 11 over

time:

sZs+gZ =
∫ t

0

∫ mU

mτ=t′
mqZ(m)ψ(t′−τm)φ(m) dt′ dm

(13)

There are three useful quantities that depend

on the IMF and stellar evolution but not on

ψ(t). The returned fraction R is defined as

R ≡
∫ mU

mτ

(m−mrem)φ(m) dm. (14)

Here mτ is the current turnoff mass, usually

assumed to be about 1M¯. R is the fraction

of mass put into stars at a given time that is

afterwards returned to the ISM in the lifetime

of a solar-mass star.
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We are often more interested in the lock-up

fraction, the fraction of mass locked up in

long-lived stars and remnants

α ≡ 1−R. (15)

For mτ ≈ 1M¯, α ≈ 0.7–0.8, depending on

the IMF and initial-to-final mass relation used.

The third quantity is the yield, the mass of

new metals ejected (eventually) when a unit

mass of matter is locked up into stars. For

the “metals” Z considered above, the yield

is

p = α−1
∫ mU

mτ

mqZ(m)φ(m) dm. (16)

So for a mass of stars M formed in a single

burst 10 Gyr ago, the mass of new metals

ejected is qZ = αp. For an individual ele-

ment i, we just rewrite Eq. 16 using qi instead

of qZ; these individual element yields can be

derived from mqi given by authors such as

Woosley & Weaver (1995).
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To proceed analytically, we make a big as-

sumption: the instantaneous recycling ap-

proximation, which says that all processes in-

volving stellar evolution, nucleosynthesis, and

recycling of material takes place on timescales

much shorter than galactic evolution. Then

we can assume that stars are divided into two

classes: those that live forever (m < m1) and

those that die instantly (m > m1). Then the

lower mass limits on each of the integrals

above is taken to be the time-independent

m1 and (t− τm) becomes just t. Then Eqs. 9

and 12 are

e(t) = Rψ(t), (17)

eZ(t) = RZ(t)ψ(t) + pα[1− Z(t)]ψ(t),

where t is the current time. Since Z ¿ 1 in

all situations of interest, we can write

eZ(t) = RZ(t)ψ(t) + pαψ(t) (18)
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Substituting, we find

ds

dt
= αψ, (19)

dg

dt
= −αψ + F − E, (20)

d

dt
(gZ) = −αZψ + pαψ + ZFF − ZEE.

Solving for the abundance Z of the gas, we

use the identity g dZ/dt = d(gZ)/dt− Z dg/dt:

g
dZ

dt
= pαψ + (ZF − Z)F − (ZE − Z)E. (21)
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Let’s assume the IMF is constant. Then

Eq. 19 gives an expression for the mass of

stars at time t,

s(t) = α
∫ t

0
ψ(t′)dt′ ≡ αψ̄t. (22)

Eq. 13 then gives the mean metallicity of

stars, because the integrals separate and be-

come α−1s and pα, so sZs + gZ = ps and

therefore

s = p− µ

1− µ
Z. (23)

This shows that Zs → p as µ → 0, which

just means that as the gas is exhausted, all

the metals ever made and ejected (ps) are

incorporated into later generations of stars.

In the solar neighborhood, the yield is then

just the mean metallicity of the stars, so p ≈
0.8Z¯; we can assume p ∼ Z¯ for now.
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The problem with instantaneous recycling is

that it can’t describe the formation of an el-

ement that forms in stars that take a non-

negligible amount of time to complete their

evolution. One significant case is Fe, which

is produced in large quantities by SNe Ia.

In this case, Pagel (1989) has suggested a

“delayed production approximation” that as-

sumes that the element of interest is formed

a time ∆ after the onset of star formation:

d

dt
(gZ) =





0 t < ∆,

p
(

ds
dt

)
t−∆

− Z(αψ + E) t ≥ ∆

(24)

(assuming F = 0 and a homogeneous wind

with ZE = Z).
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Let’s look at two extreme cases for purposes
of illustration.

(a) The “Simple” or “closed-box” model. In
this model, we make the following four as-
sumptions (over and above instantaneous re-
cycling):

• The system is isolated with a constant
total mass:

g(t) + s(t) = M = constant

• The system is well mixed at all times:
Z = Z(t) is the abundance in the gas
and the newly formed stars.

• The system is initially pristine, unenriched
gas: g(0) = M , Z(0) = s(0) = Zs(0) =
0.

• The IMF and yields of stars with given
initial mass are unchanging (at least for
“primary” elements).
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We can eliminate the explicit time variable

by dividing Eq. 21 by Eq. 20:

g
dZ

dg
= −p, (25)

that is,

Z = p ln g(0)/g = p lnM/g = p lnµ−1 (26)

This solution is only valid when Z ¿ 1, which

is however almost always the case in practice.

However, as µ → 0, the proper solution is Z =

1−µp and Z → 1 in this case (which is silly).

This is the abundance of young stars and the

gas; the average (mass-weighted) abundance

of the stellar population will be

〈Z/p〉 =
1

s

∫ s

0

Z

p
(s′) ds′ = 1 +

µ lnµ

1− µ
(27)

→ 1, for µ ∼< 0.1. (28)

That is, the average abundance approaches

the yield from below when the gas fraction

becomes small.
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(b) A system where infall balances star for-

mation. In this model, star formation just

keeps up with the rate of infall plus stellar

gas loss,

ψ = F + Rψ (29)

so that g = constant = M(0). So the total

mass grows by infall, where star formation

eats up the gas to maintain a constant gas

mass. We assume again that s(0) = Z(0) =

Zs(0) = 0 and the infalling gas is pristine, so

ZF = 0. Then we divide Eq. 21 by Eq. 6:

g
dZ

dM
= p− Z (30)
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This differential equation can be solved by

use of a parameter ν that gives the ratio of

the mass accreted to the initial mass:

ν ≡ [M−M(0)]/M(0) = (M−g)/g = µ−1−1.

(31)

Then we find

Z = p(1− e−ν). (32)

The important difference between the infall

and closed-box (Simple) models is that in this

model, Z → p as µ → 0, because an equilib-

rium is set up between the rate of infall of

metal-free gas and the enrichment by evolv-

ing stars.
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Some general comments that apply even when

instantaneous recycling breaks down (but only

for a non-evolving IMF):

• Z is proportional to the “net yield” p.

Thus, any element whose production is

independent of composition (a “primary”

element) will have an abundance in pro-

portion to its yield.

• Z/p depends primarily on the current prop-

erties of the system and is relatively in-

sensitive to its past history. This is ex-

actly true in the instantaneous recycling

approximation and is roughly true in more

general models.

• Z/p depends weakly on model-dependent

parameters like µ and ψ/F .
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The “G-dwarf problem”

Let’s look at a specific application of these

equations. In the solar cylinder of our Galaxy,

there appear to be too few metal-poor G

dwarfs (and also K and M dwarfs) compared

to a Simple (closed-box) model. We can ac-

tually derive the problem analytically. Con-

sider the cumulative metallicity distribution

of stars ever formed (which are represented

by the still-living stars in the solar neighbor-

hood, i.e., the GKM dwarfs). Then all the

stars that were made when the gas fraction

was ≥ µ is

s

s1
=

1− µ

1− µ1
(33)

where the 1 represents the current time. Then

in a Simple model, these stars were formed

while the metallicity of the gas was ≤ p lnµ−1.

The fraction of stars with metallicities ≤ Z,

which we’ll call s(Z), is therefore

s(Z) =
s

s1
=

1− exp(−Z/p)

1− µ1
. (34)
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We can eliminate the yield using the Simple
model relation p = Z1/(lnµ−1

1 ):

s(Z) =
1− µ

Z/Z1
1

1− µ1
. (35)

This distribution is shown below as the long-
dashed line (convolved with the estimated er-
rors in the data). The solid line is the ob-
servations (as of 1980, but things haven’t
changed much since then).

The G-dwarf problem (Tinsley 1980).

20



There have been several suggestions to solve
the G-dwarf problem:

• There is no problem—the data is wrong.
But this hasn’t held up; people are still
analyzing the data and have found that
the problem may even be worse than shown
on the last slide (Jørgensen 2000).

• The IMF varies with time, such that IMF
had more high-mass stars early on (this
was Schmidt’s original 1963 solution). This
must be fairly fine-tuned to make the
numbers drop so quickly at low-metallicity,
and anyway, is a little contrived.

• Talbot & Arnett (1973, 1975) suggested
that stars form in an inhomogeneous ISM
at the highest-metallicity peaks. But this
disagrees with more recent chemodynam-
ical models which show that the hot ISM
is more enriched than the cold ISM where
the stars form, so this model doesn’t work.
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• The gas is pre-enriched by a previous gen-

eration of stars (Truran & Cameron 1971).

For example, in an ELS galaxy forma-

tion model, massive stars forming in the

halo would pollute the disk material (Os-

triker & Thuan 1975) before it collapses

to form stars. In this case, we just add an

initial metal abundance Z0 to our equa-

tions. We then find Z = Z0 + p lnµ−1

and

s(Z) =
1− µ

(Z−Z0)/(Z1−Z0)
1

1− µ1
. (36)

This is the dotted line in the figure.

• Infall increases the metallicity. The “ex-

treme” infall model described above is

the short-dashed line in the figure. Clearly

this is too extreme, but maybe something

in between would work; Pagel (1997) dis-

cusses several such models, and they work

pretty well.
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What about the stellar halo of our Galaxy?

Let’s rewrite our Simple model equation Z =

p lnµ−1 using the relation z ≡ Z/p as

g

M
= 1− s

M
= e−z (37)

or
s

M
= 1− e−z, (38)

and so

ds

d log z
∝ ze−z when z ≤ lnµ−1. (39)

This equation for the differential metallicity

function of stars has a characteristic peak at

z = 1 or Z = p and is expected to apply

to oxygen and the α-elements in long-lived

stars. In halo field stars, this relation holds

quite well, but only when p ≈ 0.08Z¯, about

a factor of 10 lower than seen in the disk.
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There is a convincing explanation for this,
first proposed by Hartwick (1976), who sug-
gested that a (homogeneous, i.e., ZE = Z)
wind could expel gas from the halo continu-
ously, proportional to the rate of star forma-
tion. In a sense, this is the “extreme outflow”
model, the opposite of the “extreme infall”
model discussed earlier. In this case,

E

αψ
= constant = η. (40)

Then we can divide Eq. 21 by Eq. 19 to find
(with F = 0)

g
dz

ds
= 1 ⇒ dz

ds
=

1

g
(41)

and then we can divide Eq. 20 by Eq. 19:

g
dz

dg
= − 1

1 + η
(42)

and so
g

M0
= e−(1+η)z, (43)

where M0 is the initial mass of the system,
and so

ds

d log z
∝ ze−(1+η)z (44)
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So a homogenous wind without outflow gives

a Simple model-type metallicity distribution

but with an effective yield of p/(1 + η). If

the wind was enhanced in metals rather than

homogeneous (so that ZE > Z) the mass loss

required would be smaller.

So what happened to the gas expelled from

the halo? Did it really go into the disk?

The answer is probably not, since the halo

is much less massive than required to build

the disk(s) by a factor of about 5 and the

angular momentum distribution of the halo

is significantly different from the disk(s).
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It is much harder to make such models for in-

tegrated stellar populations, because we mea-

sure luminosity -weighted abundances in inte-

grated light, rather than the mass-weighted

abundances calculated in these analytic mod-

els. Also, when mergers occur on timescales

comparable to nucleosynthetic timescales (like

the explosion timescale of SNe Ia), life be-

comes more complicated (see, e.g., Thomas

1999).
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The star formation history of the Universe

An interesting application of GCE is the evo-
lution of metal production in the Universe,
a subject closely connected to the evolution
of the star formation rate of the Universe.
Madau et al. (1996), following earlier work by
Fall & Pei, used the “Lyman-break galaxies”
to map the evolution of both of these quan-
tities out to z ∼ 4. Although their neglect of
dust in these objects makes their initial re-
sults lower limits, Madau et al.’s methods are
now widely used in interpreting high-redshift
galaxy data.

Madau et al. point out that the UV con-
tinuum radiation from a galaxy with ongo-
ing star formation, like in the Lyman-break
galaxies, is totally dominated by short-lived
massive stars and therefore nearly indepen-
dent of the galaxy’s star formation history.
Also, because the UV flux is directly related
to the number of massive stars, it also mea-
sures the instantaneous ejection of heavy el-
ements.
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We now rewrite the GCE equations in terms

of density of stars and gas in the Universe.

The metal ejection rate density in the instan-

taneous recycling approximation is just

ρ̇Z = ψ
∫

mqZφ(m) dm, (45)

where ψ is the SFR density here. At short

wavelengths, the luminosity density radiated

per unit frequency during the main-sequence

phase is related to ψ by

ρν = 0.007c2ψ
∫

mfHe(m)fν(m)φ(m) dm,

(46)

where fHe(m) is the mass fraction of hydro-

gen burned into helium at mass m and fν(m)

is the normalized spectrum of stars of mass

m on the main sequence.
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Madau et al. then apply to stellar population

models and detailed yield calculations to de-

termine

ρ1500 = 4.4± 0.2× 1029ρ̇Z erg s−1 Hz−1 Mpc−3,

ρ2800 = 2.8± 0.3× 1029ρ̇Z erg s−1 Hz−1 Mpc−3,

where ρ̇Z is in units of M¯ yr−1 Mpc−3. Here,

a Salpeter IMF with mL = 0.1M¯ and mU =

120M¯, a constant star formation rate, solar

metallicity, and a galaxy age of 0.1–1 Gyr.

They point out that the metal ejection rate

density is less sensitive to these parameters,

particularly IMF, then is the star formation

rate, as the increase in high-mass stars in a

flattened IMF is balanced by the increase in

UV photons.
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To relate the amount of heavy elements ob-
served today in stellar populations and gas
to the UV luminosity of distant, star-forming
galaxies, we use the conservation of metals,
as before:

Zsρs + Zρg =
∫

ρ̇Z dt (47)

Since the gas content of local galaxies is ba-
sically negligible compared to the stars (Rao
& Briggs 1993), the cosmological mass den-
sity of heavy elements at the present epoch
is roughly

ρZ(0) ≈ Zsρs(0) = ZsρB(0)(M/LB), (48)

where ρB(0) is the local blue-light density of
galaxies, which can be determined from local
luminosity function estimates and has a value

ρB(0) = 9.0± 1.4× 107L¯Mpc−3.

An average mass-to-light ratio for galaxies,
weighted by morphological type, is roughly
〈(M/LB)〉 ≈ 3. So Madau et al. find

ρZ(0) ≈ 5.4± 0.8× 106(Zs/Z¯)M¯Mpc−3.

(49)
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Now define a fiducial metal ejection rate den-

sity

〈ρ̇Z〉 = ρZ(0)t−1
H (0), (50)

where tH(0) is the current age of the Uni-

verse. If ρ̇Z(z) ¿ 〈ρ̇Z〉 at some redshift z, and

a large fraction of the luminous baryons ob-

served today were already locked into galax-

ies at that epoch, then galaxies have already

consumed and exhausted their reservoirs of

cold gas (or there is some mechanism that

prevents the gas in the halos from cooling

and forming stars). On the other hand, if

ρ̇Z(z) À 〈ρ̇Z〉 at some epoch, the efficiency

of converting gas into stars is extremely effi-

cient. So by comparing ρ̇Z and 〈ρ̇Z〉 we might

be able to distinguish between a roughly uni-

form star formation history of the Universe

and a bursty one.
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The next step is to collect the appropriate
data to compute ρ̇Z. (Note that the numbers
here depend on the specified cosmology; see
Somerville et al. 2001 for information on how
to correct these to your favorite cosmology).

The z = 0 point originally came from the Hα

survey of Gallego et al. (1995):

Integrating this luminosity function and con-
verting the result using Case B recombina-
tion and stellar population models, one finds

ρ̇Z(0) ≈ 1.1± 0.5× 10−4 M¯ yr−1 Mpc−3
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For the redshift range 0 < z < 1, Madau et al.

used the luminosity-function derived comov-

ing luminosity density of Lilly et al. (1996).

First, let’s look at the LFs themselves, which

are quite instructive:

0.05-0.20 (36)

0.20-0.50 (110)

0.50-0.75 (154)

0.75-1.00 (122)

1.00-1.30 (23)

0.05-0.20 (16)

0.20-0.50 (99)

0.50-0.75 (97)

0.75-1.00 (59)

The evolution of the LFs of “blue” and “red” galaxies, from Lilly
et al. (1995).
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In these LFs, the “red” galaxies are not evolv-

ing from z ∼ 1 to the present, while the

“blue” galaxies are evolving strongly, bright-

ening by ∼ 1 mag by z ≈ 0.75. Here “red”

means redder than an unevolving Sbc galaxy.

Note that this still leaves room for evolution

between the classes.
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By integrating the luminosity functions and

correcting for bandpass shifting and survey

volume Vmax, it is possible to convert these

LFs to luminosity densities at the same red-

shifts:

Comoving luminosity density of the Universe from the CFRS
sample (Lilly et al. 1996); the large points are those estimated
from the LFs.
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Now we can use the conversion from ρ2800

to ρ̇Z we saw earlier to derive

ρ̇Z(z) ≈ 1.5±0.6×10−3
(
1 + z

2

)3.9
M¯ yr−1 Mpc−3

for the range 0 ∼< z ∼< 1. Plugging the num-

bers in, ρ̇Z(z = 1) is about 15 times higher

than the value at z = 0. This evolution is

dominated (given the LFs) entirely by galax-

ies bluer than an Sbc.
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Including the higher-redshift data from the

Lyman break galaxies, ignoring dust correc-

tions and underestimating the completeness

corrections, Madau et al. found the following

diagram, now referred to generically as the

“Madau diagram:”

Here, Madau et al. have assumed Ωm = 1,

H0 = 50kms−1 Mpc−1 and a conversion ρ̇∗ ≈
42ρ̇Z, which assumes a Salpeter IMF.
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The presence or absence of the “peak” at

1 ∼< z ∼< 2 has been much of the debate over

the Madau diagram in recent years. After

Madau et al. (1996), workers in this field now

plot the SFR density ρ̇∗ instead of the metal

ejection rate. However, the SFR density is

quite sensitive to

• the assumed IMF

• the wavelength range in which the mea-

surement is done—are you sure you’ve

measured the SFR?

• the dust correction

• the selection function of the sample, to

derive the incompleteness

38



Nevertheless, there is a major industry now

in making and interpreting these diagrams.

Here is the latest version of the Madau dia-

gram that I could find, from Springel & Hern-

quist (2003):

0 1 2 3 4 5 6
z

0.01

0.10

SF
R

  [
 M

O •
 y

r-1
 M

pc
-3

 ]

The evolution of the SFR density as a function of redshift.
The heavy line comes from simulations by Springel & Hernquist
(2003); the points are actual data, converted from a star for-
mation tracer (Hα, L1500, or L2800) and corrected for cosmology,
incompleteness, and (sometimes) dust extinction using the pre-
scription of Somerville et al. (2001). Here, Ωm = 0.3, ΩΛ = 0.7,
and H0 = 70kms−1 Mpc−1.
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So, is there a peak in the diagram? If so,

where? However, note that if you convert

this diagram from redshift to cosmic time,

most of the star formation takes places rel-

atively early in the history of the Universe.

Clearly the much of the star formation hap-

pens at z ∼> 2, or within the first ≈ 2.5 Gyr.
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