
Lecture 3: Angular Momentum

and Galaxy Formation

The formation of disk galaxies

At the end of the last lecture, we noted that

the baryonic densities of galaxies are a fac-

tor of 103 than the virialization curves of

CDM would suggest. This means, on con-

serving mass, that the baryonic radii must

have shrunk by a factor of 10 relative to the

dark matter halos.

How does this happen? The answer: Dissipa-

tion plus conservation of angular momentum

and mass.
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The first question is, how do protogalaxies

acquire angular momentum?

In hierarchical structure formation scenarios

like CDM, protogalaxies are built from smaller

units by gravity. These protogalaxies are un-

likely to spherically symmetric (although that

is what we’ve assumed up to now!), so they’ll

have at least a quadrupole moment. Pee-

bles (PPC) calls these protogalaxies “messy

blob[s] moving away from ...irregular bound-

ar[ies] seperating [them] from other develop-

ing protogalaxies.” Tidal torques from the

other blobs will create a velocity shear in the

protogalaxy leaving it with angular momen-

tum.

Note that not everyone believes this is the

correct explanation. Vitvitska et al. (2002)

suggest that halos acquire angular momen-

tum by accretion of small satellite halos. This

is still a very active subject!
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We begin by defining a useful parameter, the

“spin parameter” (Peebles 1971):

λ ≡ J |E|1/2

GM5/2
(1)

where J, E, and M are the total angular mo-

mentum, energy, and mass of the system,

and G is (of course) Newton’s constant. This

parameter is a measure of the degree of ro-

tational support of the system: the ratio of

the centrifugal acceleration gφ ∼ v2
c /r from

the streaming motion vc to the gravitational

acceleration g ∼ GM/r2 is

gφ

g
∼ v2

c

r

r2

GM
= M2r2v2

c
GM2

r

1

G2M5
∼ J2E

G2M5
= λ2

where the angular momentum is J ∼ Mrvc

and the binding energy is E ∼ GM2/r.
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The spin parameter takes on two character-

istic values for simple objects:

λ =

{
0.5 for a rotating, self-gravitating disk
0 for a non-rotating spheroid.

Peebles (1969, 1971) derived a typical value

of λ ≈ 0.08 using linear perturbation the-

ory, but it turns out that nonlinear effects

are quite important in determining the distri-

bution of λ. Warren et al. (1992) found the

following distribution:
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Note the characteristic “lognormal” distribu-

tion:

p(λ) =
1

σ
√

2π
exp

[
−ln2(λ/〈λ〉)

2σ2

]
dλ

λ
. (2)

Bullock et al. (2001) find 〈λ〉 = 0.042±0.006

and a width of σ = 0.5 ± 0.04 from about

500 halos in a ΛCDM cosmology. All modern

large N-body simulations find a similar result.

It is important to note that this result

〈λ〉 ≈ 0.05

is apparently independent of power spectrum,

cosmology (Ω, Λ), environment, or overden-

sity (i.e., mass). Some analytic estimates

(e.g., Eisenstein & Loeb 1995) have claimed

a slight dependence on mass, but this has

not yet been seen in simulations.
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Now, how do disk galaxies rotate so quickly,
with λ ≈ 0.5? This is where conservation of
angular momentum, dissipation, and a dark
matter halo come in.

If the disk is just bound by its own mass,
then E scales as R−1, where R is the disk
radius. If J is conserved during the collapse,
then λ scales as E1/2 ∼ R−1/2 and collapsing
from λ ≈ 0.05 to λ ≈ 0.5 requires the disk
to contract by a factor of 100 in radius. We
realize that this is a problem from two angles:

1. The protogalactic disk of our own Milky
Way would have to be ≈ 20 kpc× 100 ∼
2 Mpc, or the size of a present-day cluster
of galaxies.

2. The collapse time scales as R3/2 and is
about 108 yr in the Milky Way disk at its
present extent (Peebles, PPC); therefore
a contraction by a factor of 100 would
take ∼ 1011 yr, longer than the current
age of the Universe by about a factor of
7.
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Fall & Efstathiou (1980) realized that the

way out was to assume that the disk col-

lapsed inside of dark halo with ρ(r) ∝ r−2, so

that vc is flat with radius out to some trun-

cation radius rt. We can then write for the

halo (following Fall 1983)

Jh =
√

2λv3
c r2t /G (3)

Mh = v2
c rt/G (4)

(ignoring terms of order λ2 in the energy E =

−v4
c rt/2G).
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Now assume that the gas collapsing in this

halo arranges itself into an exponential disk

with scale length α which is determined from

circular velocity vc and the specific angular

momentum of the disk Jd/Md = 2vc/α (this

is actually what happens in more complete

models: van der Kruit 1987; Dalcanton et

al. 1997). Since the gas and the halo ex-

perienced the same tidal torque (before dis-

sipation), we assume that Jd/Md = Jh/Mh

and that angular momentum is conserved in

detail (i.e., at each radius r). This implies

αrt = 2λ/
√

2 and we can then write

Rh

Rd
=

rt/2

1.67/α
= 0.30(αrt) =

0.42

λ
≈ 8.5,

very close to the factor of 10 in radius we

need to explain the factor of 1000 change in

density in the baryonic component. There-

fore detailed conservation of angular momen-

tum stops the collapse of disks.
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OK, this was a pretty hand-waving synopsis
of the problem, but two groups (Dalcanton
et al. 1997=DSF; Mo et al. 1998=MMW)
have recently worked out the complete so-
lution including the response of the halo to
the disk, disk stability, and the cosmologi-
cal evolution of the disk parameters. We
point out the strengths and weaknesses of
each method briefly:

DSF begin with a few critical assumptions:
(1) angular momentum transport is neglig-
ble, as suggested by the angular momenta of
real disk galaxies, our arguments above, and
the “angular momentum catastrophe” seen
in detailed N-body models (more below); (2)
the baryons have an initial angular momen-
tum distribution like that in a uniformly ro-
tating sphere (Mestel 1963); (3) the baryons
constitute a fixed fraction of the total mass;
and (4) all baryons collapse simultaneously.
Then, picking a density distribution for the
dark matter halo, they can determine sur-
face density distribution and rotation curve
for the collapsed disk.
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Variation of disk properties with spin (left) and mass (right), for
halos with NFW profiles. (a), (b) Surface densities (left axis)
and brightnesses (right axis); dots are one scalelength. Note
that the profiles are nearly exponential (dotted lines) over many
scalelengths; horizontal lines are the central surface brightness
of the “typical” Freeman (1970) Type I disk. Increasing angu-
lar momentum decreases central SB and increases α; increasing
mass increases both. (c), (d) Rotation curves. Note that these
are asymptotically flat. Angular momentum changes the shape
of the rotation curve, but mass only changes the asymptotic cir-
cular velocity. (e), (f) Fraction of mass in disk contained within
radius r. From Dalcanton et al. (1997).
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This formalism also allows DSF to predict

a Tully-Fisher relation that is independent

of disk surface density (brightness), as ob-

served:
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...and also to predict the distribution of scale-

lengths α and central SBs µ0 (in the B band)

using Eq. 2:

Solid contours are from left to right: constant mass in powers
of 10, and from bottom to top lines of constant log λ. Hatched
regions are where gas pressure prevents galaxies from collaps-
ing. Triangels are LG dwarfs, squares are from the center of
the Virgo Cluster, stars are from an LSB galaxy survey (Impey
et al. 1988), and dots are from typical angular-diameter limited
surveys. Left: Dotted contours are predicted number densities
(assuming a Schechter LF). Right: Dotted contours are pre-
dicted luminosity densities.
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So where are the low-SB galaxies? They’re

not found in most surveys, but they should

be there, and they’re found in deep surveys

that are not diameter-limited.

A very interesting question is where are the

high-SB galaxies? They’re not there because

the disks themselves are unstable—they would

become unstable to bar formation modes and

may form bulges or ellipticals.
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Disk stability as a function of surface bright-

ness, using the Toomre stability parameter

Q. Note that disks more dense than the Free-

man value (µ ∼ 21) are unstable!

15



MMW begin from a slightly different set of

assumptions: (1) the disks are embedded in

a specific halo (either a singular isothermal

sphere, so that ρ(r) ∝ r−2, or an NFW pro-

file); (2) that the disk possesses an exponen-

tial profile; (3) the mass of the disk is a fixed

fraction of the total mass; and (4) the angu-

lar momentum of the disk is a fixed fraction

of the halo’s angular momentum. MMW also

predict a Tully-Fisher relation and the scatter

in the TF relation, with arises from both λ

(low-λ systems have more massive disks and

therefore disk self-gravity is important) and

the mass fraction in the disk, because the

disk contributes more to the rotation veloc-

ity at fixed λ.

The strength of their approach (though less

rigorous than DSF) is the ability to track the

evolution of disks, as seen in these figures:
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Disk scalelengths (RD) as a function of circular velocity (Vc) in
the Mo et al. (1998) models, for both Ω0 = 1 CDM (SDM) and
flat, Ω0 = 0.3 CDM (ΛCDM). Solid lines are for disks with mass
fractions of 5%; short-dashed lines have mass fractions of 2.5%.
Long dashed lines have λ = 0.1. Left panels: zf = 0; right
panels: zf = 1, where zf is the disk formation redshift. Data
points are nearby spirals from Courteau (1996, 1997).
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Note that these figures suggest that disks
formed at z < 1, even in ΛCDM! However,
we know that disks exist at z ∼ 1, because
we’ve seen them (Vogt et al. 1997a,b)...
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...and we know what their Tully-Fisher rela-
tion looks like:
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Finally, there have been attempts to model

the formation disks in N-body+gas simula-

tions, notably by Steinmetz, Navarro and their

collaborators. They consistently find that

the simulations underproduce the scalelengths

of real spiral galaxies, unlike the analytic mod-

els, because the numerical models appear to

transport angular momentum, which collapses

the disks too much (Navarro & White 1994).

This is because the baryons collapse too early

and cool too much, and later mergers allow

angular momentum to be transferred from

the baryons to the dark halo.
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From Abadi et al. (2003). The solid line assumes λ = constant;
the dark matter (DM) and “disk” component in this high-resolu-
tion simulation fall onto the relation defined by the data (pink
dots). But the “stellar” component (the baryons) does not,
as was the case for the earlier models by Navarro & Steinmetz
(2000, blue circles). The arrow shows the position of the bary-
onic component if the halo is ignored in computing j.
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This appears to have been solved very re-

cently by Governato et al. (2003) and by

Abadi et al. (2003), who claim that higher

resolution simulations with a better treat-

ment of cooling (effectively resolving shocks

in the simulations, so these don’t transport

too much angular momentum) can solve the

“angular momentum catastrophe” and pro-

duce galaxies with realistic scalelengths.

22



The formation of galactic disks in high-resolution

ΛCDM N-body+gas simulations (Governato

et al. 2003).
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