
Lecture 10

Semi-analytic galaxy formation models

As a sort of summary for this course, we’ll

examine a class of galaxy formation mod-

els that have become something of an in-

dustry over the past decade. These models

are generically referred to as “semi-analytic

models” or “SAMs;” perhaps they should be

referred to as “recipes for galaxy formation”

(Cole et al. 1994).

The basic point of SAMs is to follow the

evolution of galaxies in hierarchical clustering

scenarios, attempting to include all relevant

physics, often in an approximate or schematic

fashion. The output of SAMs are statistical

“predictions” of galaxy properties at some

epoch. The precision of these “predictions”

are directly related to the accuracy of the

input physics.
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The SAM industry began with the classic pa-
per by White & Rees (1978); its roots go
back as far as the models of Larson (1969,
1974). However, certain things were missing
from that work, most of which were filled in
by White & Frenk (1991). However, White
& Frenk couldn’t follow the properties of in-
dividual galaxies because they lacked a pre-
scription for the mergers of individual galax-
ies within merging halos; this was added by
Lacey & Cole (1993) and Kauffmann & White
(1993).

Here, I’ll review the common ingredients now
used in SAMs and highlight the differences
between various modellers, which often come
down to two points:

• setting the model parameters using some
normalization

• details of the star formation and gas cool-
ing physics and feedback
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In the following description of SAMs, I’ll refer

to the three dominant models by the appel-

lations “Munich” (starting with the models

of Kauffmann, White & Guiderdoni 1993),

“Durham” (beginning with the models of Cole

et al. 1994), and “Santa Cruz” (beginning

with the models of Somerville & Primack

1999). I’ll try to show the difference between

these models as they appear.
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Step 0: Cosmology

The starting point of all these models is the

cosmology in which the galaxies will form and

evolve. In the early models from the Munich

and Durham groups, it was assumed that

Ω0 = Ωm = 1 and H0 = 50 kms−1 Mpc−1;

all recent models use the WMAP-like “con-

cordance” model of Ωm = 0.3, ΩΛ = 0.7 and

H0 = 70 kms−1 Mpc−1. The other param-

eters which is quite important is the baryon

fraction Ωb/Ωm, which controls the amount

of cooling and star formation in the halos

(White & Frenk 1991). The current value

used is close to the WMAP value of Ωbh
2 =

0.022.

4



Step 1: Evolution of the Dark Halos

The evolution of the dark matter halos, in

which all the galaxy action happens, is the

basic process here. The basic process is de-

scribed by variants of the Press-Schechter

(PS) formalism described in Lecture 2, al-

though extended in different ways. We can

rewrite the PS formula as

F (r0, z) =
∫ ∞
δc

1 + z

(2π)1/2∆(r0)
exp

[
−δ2(1 + z)2

2∆2(r0)

]
dδ,

(1)

where ∆(r0) is the rms linear overdensity in

a sphere of radius r0, extrapolated to the

present day.
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The usual Ansatz here, as discussed in Lec-

ture 2, is that the fraction of matter in clumps

with masses corresponding to initial radii in

the range (r0, r0 + dr0) can be written

f(r0, z)dr0 = −2
∂F

∂r0
dr0, (2)

where it’s the factor of 2 that Press & Schech-

ter had no solid theoretical justification for.

However, Bond et al. (1991) used an “excur-

sion set” analysis to come up with this exact

formula using a completely different route.
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Now we come to the first two assumptions:

Assumption 1 The perturbations and there-

fore the halos are spherical.

Assumption 2 The halo density profiles are

singular isothermal spheres.

As far as I can tell, all models use these as-

sumptions, even though we know from N-

body models that neither is typically true!

Then we can use our spherical collapse model

from Lectures 1 & 2 and assume that δc =

1.686 (when Ωm = 1; see Lacey & Cole 1993

for other cosmologies). When the nonlinear

clump has become virialized, its density is

about 200ρ0(1 + z), where ρ0 is the present

density of the Universe (see, e.g., Bryan &

Norman 1997; the exact coefficient is be-

tween 8π2 and 18π2).
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Most authors then write everything in terms
of the circular velocity of the halo,

M =
4π

3
ρ0r30, Vc = 1.67(1 + z)1/2H0r0. (3)

A singular isothermal sphere has a flat ro-
tation curve and thus Vc is independent of
radius and so makes a convenient mass pa-
rameter for a dark matter halo. We can then
write the PS formula as a function of Vc at
redshift z as

f(Vc, z)dVc = −
(
2

π

)1/2 δc(1 + z)

∆2

d∆

dVc

× exp

[
−δ2(1 + z)2

2∆2

]
dVc(4)

We can derive the number density of halos
with circular velocities (Vc, Vc+dVc at redshift
z by dividing this equation by the mass of
a halo with Vc and multiplying by the mean
mass density of the Universe:

n(Vc, z)dVc =
−3(1.67)3δcH3

0(1 + z)5/2

(2π)3/2V 4
c ∆

×d∆

dVc
exp

[
−δ2(1 + z)2

2∆2

]
dVc
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The final step in the “extended PS” (EPS)
models is to deal with merging halos. This
is where the three models split. The Munich
and Durham models are based on the fol-
lowing model, originally proposed by Bower
(1991). Consider a region of initial comoving
radius r1 entirely contained in a larger region
r0. Then the probability that these two re-
gions will have mean linear overdensities δ1
and δ0 is

f(δ1, δ0)dδ1 dδ0 =
(1 + z)2dδ1dδ0

2π∆0(∆
2
1 −∆2

0)
1/2

× exp

{
−(1 + z)2

2

[
(δ1 − δ0)

2

∆2
1 −∆2

0

+
δ20
∆2

0

]}

Here, ∆1 and ∆0 correspond to the rms lin-
ear

Assumption 3 This formula assumes that all
points in the interior of the larger volume are
equally likely to be contained in the same
volume.

White & Frenk point out that this is a non-
trivial assumption!
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Then we can write the fraction of matter in

clumps of circular velocity V1 at z1 that is

later in clumps with V0 at z0 < z1:

f(V1, V0, z1, z0)dV1dV0

=
2δ2c ∆1(z1 − z0)(1 + z0)

π(∆2
1 −∆2

0)
3/2∆2

0

d∆1

dV1

d∆0

dV0

× exp

{
−δ2c

2

[
(z1 − z0)

2

∆2
1 −∆2

0

+
(1 + z)2

∆2
0

]}
dV1dV0

provided that V1/(1+z1)
1/2 < V0/(1+z0)

1/2,

which corresponds to r1 < r0. So we com-

bine this equation with the equations for the

individual halos to get the conditional prob-

ability densities

f(V0, z0|V1, z1) = f(V1, V0, z1, z0)/f(V1, z1),

f(V1, z1|V0, z0) = f(V1, V0, z1, z0)/f(V0, z0).

The first of these is the probability that ma-

terial that was in a halo with V1 at z1 will

wind up in a halo with V0 at z0; the second is

the probability that material that is in a halo

with V0 at z0 was previously in a halo with

V1 at z1.
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So, on average, the number of (V1, z1) pro-

genitors of a single (V0, z0 halo is

Nprog(V1, z1) = f(V1, z1|V0, z0)
M(V0, z0)

M(V1, z1)
,

(5)

where M(V1, z1) and M(V0, z0) are the masses

of the halos with the given Vc at the given

redshift.

The problem here is that these are statis-

tical measures of the ensemble, and what

we need is the progenitors of a single halo.

Therefore, some sort of Monte Carlo algo-

rithm is required to generate a random re-

alization of this process. The Munich and

Durham groups use slightly different algo-

rithms to accomplish this. The Munich group

derives merger histories for a grid in (Vc, z)

space (Kauffmann & White 1993).
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The Durham group uses a binary tree formal-

ism (Baugh et al. 1998), which looks schemat-

ically like this:
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Unfortunately, several groups (e.g., Tormen
1999) have shown that the EPS method isn’t
quite right, particularly at M ∼< 1014 M¯ (Gross
et al. 1999), where the EPS method over-
predicts the number of halos about 1.5. One
can use a mass-dependent “correction fac-
tor” (Sheth & Tormen 1999), as used by the
Santa Cruz group (cf. Somerville & Kolatt
1999):

The Santa Cruz group uses a Monte Carlo
implementation of the full excursion set for-
malism that isn’t restricted to binary trees
like the Durham group nor is restricted to a
grid in mass (Vc) and redshift like the Munich
group.
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Each group has some limiting mass resolu-

tion, typically around Vc = 40kms−1, which

comes either from assumptions used in con-

structing the merger trees (Munich and Dur-

ham) or assumptions about the intergalactic

ionizing flux preventing star formation in low-

mass halos (Santa Cruz).

Of course, these days all three groups are

beginning to use N-body models directly to

determine the evolution of the halos (e.g.,

Springel & Hernquist 2003). This has the

drawbacks of taking a lot of computer time

and not being able to probe large regions

of parameter space quickly. However, now

that everyone has decided upon the WMAP

cosmology as “the right one” it may be less

necessary to probe different cosmologies and

therefore the halos can be drawn directly from

the simulations.
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Step 2: Gas cooling

Assumption 4 The gas relaxes initially re-

laxes to an isothermal distribution that ex-

actly follows the dark matter halo and which

is initially shock heated to the virial temper-

ature of the halo.

Then hydrostatic equilibrium gives the gas

temperature in terms of the circular velocity

of the halo:

kT =
µmp

2
V 2

c , or T = 35.9
(

Vc

kms−1

)2
K,

(6)

where µmp is the mean molecular weight of

the gas.
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Gas at each radius r can cool in a time tcool

if it has a density ρcool:

ρcool =
3

2

µmp

χ2
e

kBT

tcoolΛ(T )
, (7)

where χe = ne/n is the number of electrons

per particle and Λ(T ) is the (metal-dependent)

cooling function (see Lecture 2).

Assumption 5 The gas cools if tcool < t0
where t0 is some characteristic timescale.

For the Munich models, t0 is the age of the

Universe at the redshift of interest; in the

Durham models, t0 is the age of the object;

in the Santa Cruz models, t0 is the time since

the gas was heated (i.e., since each merger).

Note that the metallicity of the gas, which

controls Λ(T ), is different in each model (and

not just in each set of models!) depending

on whether metallicity evolution is traced or

not; and if not, what average metallicity is

assumed.
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At each time step, the cooling radius rcool ∝
Vc (for an isothermal halo) is increased (the

implementation of this differs in each model)

and the mass of cold gas in the halo is in-

creased. All the models assume that the ac-

cretion rate is at least roughly constant be-

tween mergers and that the cooling radius

cannot exceed the virial radius. The Santa

Cruz group limits the accretion rate onto the

central galaxy (assumed to be a disk) to the

sound speed of the gas; the Munich group

dumps the gas in at the lower of two speeds,

the cooling flow rate or the infall rate (see

White & Frenk 1991); the Durham group

appears to just dump it all in at once.

Of course, more will happen to the gas than

just cooling; we’ll see what happens to it in

the next few steps.
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Step 3: Star formation

There are three main star formation recipes,

all based on the following assumption:

Assumption 6 Star formation proceeds as

Ṁ∗ = Mcold/t∗,

where all our “ignorance” (Somerville & Pri-

mack 1999) of the star formation physics is

hidden in t∗.
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The three main versions of t∗ are

1. t∗ is a constant. This would suggest that

once the gas is cold, star formation pro-

ceeds with the same efficiency at all red-

shifts in objects of all sizes.

2. t∗ is a power law in Vc: t∗(Vc) = t0∗(Vc/V0)
α∗,

where t0∗ and α∗ are free parameters and

V0 is a normalization (typically 300kms−1).

This is the version typically used by the

Durham group, who set α∗ = −1.5.

3. t∗ is proportional to the dynamical time

of the galaxy, t∗ = t0∗(rdisk/Vc), where t0∗
is a dimensionless free parameter. This

is the form the Munich group uses, and

they assume that rdisk = 0.1rvirial, where

rvirial is the virial radius of the halo.
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Note that each of these gives different star

formation rates. Version (3) is basically in-

dependent of Vc at a given redshift because

rvirial ∝ Vc, but rvirial increases with time. So

this version is more efficient at early times.

Version (2) is strongly dependent on Vc but is

independent of redshift. Since a typical halo

is less massive at higher redshift and there-

fore has lower Vc, the peak in star formation

is delayed to lower redshift. The Santa Cruz

group use models where any of the three star

formation recipes can be used, but they also

allow starbursts during merging (see below).
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Step 4: “Feedback” and metal evolution

Assumption 7 Cold gas in the galaxies is re-

heated by “feedback” from the star forma-

tion process, which is assumed to be due to

supernovae.

The Durham and Munich groups assume that

the rate at which cold gas is reheated by feed-

back is given by

Ṁreheat = ε0SN

(
Vc

V0

)−αreheat

Ṁ∗, (8)

where ε0SN and αreheat are free parameters,

Ṁ∗ is the star formation rate, and V0 is a

normalization used to keep O(ε0SN) ∼ 1 (V0 =

400kms−1 and αreheat = 2 for the Munich

models and V0 = 140kms−1 and αreheat =

5.5 for the Durham models).
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Of course, other models are possible, as ε0SN
“hides a multitude of sins” (White & Frenk

1991). The Santa Cruz group use a recipe

that is derived from the arguments of Dekel

& Silk (1986) for the evolution of gas in

dwarf galaxies:

Ṁreheat =
ε̇SN

v2
esc

, (9)

where ε̇SN = ε0SNESNηSNṀ∗ is the rate at

which kinetic energy is transferred to the gas

and vesc is the RMS escape velocity from the

galaxy (assumed by the Santa Cruz group to

be a disc). Here, ESN ≈ 1051 erg is the total

energy released per supernova and ηSN is the

number of supernovae produced per 1M¯ of

stars formed.
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The question of where the reheated gas goes

is an interesting one: the Munich group adds

it to the halo; the Durham group ejects it

from the halo and allows to return to the hot

gas reservoir after the mass of the halo has

doubled; and the Santa Cruz group allows it

to escape from the disk or halo depending

on the escape speed. If it escapes from the

halo in the Santa Cruz models, it is (in more

recent models) returned to the halo as in the

Durham models.
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In those models which include metal evolu-

tion, each generation of stars returns a fixed

yield of metals to the cold gas phase, which

can then be mixed with the hot gas phase or

ejected from the halo, depending on where

the reheated gas goes.

Some models (like the recent Santa Cruz

models) also allow for young stars to return

their gas to the (cold) ISM following a recipe

for the return fraction (see Lecture 9).
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Step 5: Merging, starbursts,

and morphological evolution

Assumption 8 Hot halo gas is shock heated

to the new virial temperature when halos merge.

The exact method depends on the model.

The Munich group uses a “static halo” model,

where all of the hot gas in the individual halos

are combined and shock heated to the new

virial temperature. The Durham and Santa

Cruz groups use slightly different treatments

of a “dynamic halo” model, where the gas is

shock heated to the new virial temperature

only when the merger is roughly equal-mass;

otherwise, the gas is shock heated only to

the virial temperature of the most massive

progenitor.
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Assumption 9 Galaxies merge within a dy-

namical friction time.

Each model implements this somewhat dif-

ferently, however. The Munich group use as-

sume that the satellite galaxies merge only

with the central galaxy of the halo; a simi-

lar prescription, although with a very differ-

ent prescription for the merger timescale, is

used by the Durham group. The Santa Cruz

group uses a similar timescale as the Munich

group, but allows satellite galaxies to merge

with each other.
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The Munich group assumes that the merger

timescale is given by the dynamical timescale,

tfric =
1.17r2HVH

lnΛGMsat
, (10)

where rH is the initial orbital radius of the

satellite, VH is the halo orbital velocity, Msat

is the mass of the satellite, and lnΛ is the

Coloumb logarithm, which is taken as lnΛ ≈
ln(MH/Msat) by the Munich group or lnΛ ≈
ln(1 + M2

H/M2
sat) by the Santa Cruz group

(for mergers with the central galaxy).

The Durham group (at least in their early

papers) used a simple scaling law,

tmerg = t0merg

(
MH

Msat

)αmerg

, (11)

where the free parameters t0merg and αmerg

are set by comparison with N-body simula-

tions.
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For satellite–satellite mergers, the Santa Cruz

group assume that collisions occur on a mean-

free-path timescale,

tcoll ∼ 1

n̄σv
, or

∝ N−2r3Hσ3
Hr−2

satσ
−4
sat

where N is the number of (equal-mass) satel-

lite galaxies in the halo.
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Assumption 10 The cold gas in the merg-

ing subclumps is attached to the central galaxy

and the hot gas is given to the hot gas reser-

voir.

This is not true for the satellite–satellite merg-

ers in the Santa Cruz model, but it is true

for mergers with the central galaxy. The cold

gas in all the models is assumed to form a

disk around the central galaxy.
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All models (now) assume the following:

Assumption 11 Mergers of galaxies with mass
ratios larger than some fbulge are assumed to
form a “bulge” (i.e., a spheroid).

In this case, an elliptical galaxy is formed.
In cases where this is not true, the stars of
the smaller galaxy are added to the disk of
the larger galaxy. Because the cold gas is
assumed to be in disk, new stars can form
and the galaxy can regrow a stellar disk.

This is an ad-hoc way of allowing for mor-
phological evolution in the SAMs. Disks (the
initial state of the galaxies in modern SAMs)
can turn into ellipticals in a major merger
which then become the bulges of disk galax-
ies when new stars are formed in the cold gas
disks.

The Santa Cruz group also allows for star-
bursts to occur in merging galaxies by dra-
matically increasing the efficiency of star for-
mation when a merger occurs.
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Step 6: Stellar populations

Assumption 12 The IMF of the stellar pop-

ulations is universal.

The exact form of the IMF varies between

modellers, however; both the Scalo and Sal-

peter IMFs are used. An additional assump-

tion is generally made that the stars are solar

metallicity, even if metallicity evolution is in-

cluded. This is an artifact of the stellar pop-

ulation models used in the SAMs (now usu-

ally recent versions of the GISSEL [Bruzual

& Charlot] models) and is now changing with

the availability of the most recent stellar pop-

ulation models that include metallicity.

Some models (e.g., Santa Cruz) also include

a parameterized dust model like those used

to correct the Tully-Fisher relation.
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Step 7: Normalization

Clearly, there are many free parameters in

SAMs to go along with all of our ignorance

of the true underlying physics. To set these

parameters, first a cosmology is chosen (Step

0 above) and then a normalization method

is chosen. There are two major observables

used for the normalization:

• The luminosity density of the Universe.

• The properties of the Milky Way, in par-

ticular the Tully-Fisher normalization: MI

or MB vs. Vc for a Milky Way-sized halo

(Vc = 220kms−1).

Currently, all of the models use the TF nor-

malization, although the earliest models (e.g.,

White & Frenk) used the luminosity density

of the Universe.
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Results

So what do we get when we can twist all

the knobs? First, let’s look at the B-band

luminosity functions:

The lines are observed LFs from different surveys. The crosses
are the models with the original EPS models (like in the Munich
models) and the open square are the models with the Santa Cruz
modified-EPS models, both without dust. The solid points are
the Santa Cruz models with dust and modified-EPS. On the left,
panels are for different star formation laws and model types for
Ω0 = Ωm = 1 CDM; on the right are the Santa Cruz models with
Munich-type star formation for different cosmologies.
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Now the TF relation:

The lines are three different TF surveys. The crosses are central
galaxies and the solid squares are satellite galaxies. The error
bars are standard deviations of multiple realizations of the merger
histories. The horizontal dashed line in each plot is the rough
magnitude limit of the surveys.
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And finally, the Madau diagram (corrected

for dust extinction):

Here, “collisional starburst” is the typical Santa Cruz starburst
model, “accelerated quiescent” is the Munich-type model, and
“constant efficient quiescent” is called “SFR-C” in previous plots.
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So semi-analytic galaxy formation models can

reproduce a wide variety of observations (in-

cluding many more that I haven’t reproduced

here), at the cost of many free parameters

and at least 12 major assumptions about the

physics of galaxy formation.

As this is the last class in a course about

galaxy formation and evolution, I leave it up

to you to decide if you believe these models!
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