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Chapter 1

Introduction

1.1 History

An article from 1966 called Computer Analysis of Observed Distributions into Gaussian components by
Kaper et al. described a first Kapteyn Institute attempt to use a computer to decompose an observed
frequency or intensity profile into a superposition of Gaussian components. A least squares method was
applied to get a ‘best fit” to study profiles of the spectral line at 21 cm. The program was implemented
on a Stantec ZEBRA, installed in 1956. It had a memory of 8192 words of 33 bits. This limited the
analysis to 150 data points and 6 parameters. The average access time to an address on the ZEBRA
was 0.005 sec. and one least-squares iteration cycle took about 20 minutes. Initial guesses for the
parameters were found by sketching a decomposition into Gaussians on a graph of the observed profile.

1.2 Standard Gauss

GIPSY program XGAUPROF finds best fit parameters for three functions given data from file or from
a GIPSY set. The base function is a Gauss. The parameters are fitted with a least-squares fit algorithm
which needs initial guesses. A special routine automates the procedure of getting reasonable estimates
for a Gauss and the other functions in the program. The user can modify these values by hand using a
graphical slider. A one component standard Gauss function with background is defined as:
T—xq \2
o(r) = Ae 2 (F) 4 7 (1.1)

Usually x is frequency or velocity. A is the amplitude at the center x = ¢ and o is the dispersion of the
profile, i.e. the half width at % and Z is a representation for the background.
In XGAUPROF the background consists of a constant, a linear and a quadratic term and is represented
by:

Z =Zy+ Z1 (x — x0) + Zo (x — 20)*? (1.2)

The constant term Zj is often referred to as ’'zero level’.

1.3 Gauss-Hermite series

If your profile deviates from a Gaussian shape (e.g. asymmetric profiles) then you can use the so called
Gauss-Hermite series. The lowest order term of the series is a Gaussian. The higher order terms are
orthogonal to this Gaussian. The higher order that we use in our fits are the parameters hs and hy



measuring asymmetric and symmetric deviations of a Gaussian. The Gauss-Hermite function used in
XGAUPROF is (Van der Marel & Franx):
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Figure 1.1: Gauss-Hermite h3 = 0.2, hy = 0. Figure 1.2: Gauss-Hermite h3 =0, hy = 0.1.
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with y = m;b. Note that the parameters a, b and c¢ are equivalent to A, x¢ and o of a Gaussian, only if
hs = hy = 0.

1.4 Voigt profile

The line-shapes of spectroscopic transitions depend on the broadening mechanisms of the initial and
final states, and include natural broadening, collisional broadening, power broadening, and Doppler
broadening. Natural, collisional, and power broadening are homogeneous mechanisms and produce
Lorentzian line-shapes. Doppler broadening is a form of inhomogeneous broadening and has a Gaussian
line-shape. Combinations of Lorentzian and Gaussian line-shapes can be approximated by a Voigt
profile. In fact, the Voigt profile is a convolution of these two line-shapes. It has the form:

_ A e,
o) = =/ B K@)+ 2 (1)

K (x,y) is the Voigt function and is defined as:

y [~ et
Kmmzf/

- dt
T ) 2+ (2 —1)?



where
y = aL In(2) and =z= r=v) In(2)
ap ap
y is the ratio of Lorentz to Doppler widths and z the frequency scale (in units of the Doppler
Line-shape half-width ap.

(1.5)



Chapter 2

The standard Gauss function

2.1 Properties of a profile using moments of a distribution

One way to characterize a distribution is the use of its moments. The kth-moment of a distribution

o(x) is:

o

e = / (& — z0)" $(a)dx

—0o0

With these moments one can calculate more familiar properties of a distribution like the line strength
(i.e. area under the curve) v, the mean Xy, the dispersion o, the coefficient of skewness & = ,ug/;[g/z

and the coefficient of kurtosis &, = 4 /p3. These quantities are calculated from:

~y E/ o(x)de Xo= / ro(z)de of = i/ (x — Xo)” ¢(x) dzx
&= i/ (- Xo)/o)* s@)de  (1=1,2) (2.1)

Skewness is a lack of symmetry in a distribution. If a distribution is symmetric about its mean it has
zero skewness. The skewness defined above is called the Fisher Skewness.
Kurtosis is a measure of how ”fat” the tails of a distribution are, measured relative to a normal
distribution having the same standard deviation. A distribution is said to be leptokurtic if its tails are
fatter than those of a corresponding normal distribution (high peak). It is said to be platykurtic if its
tails are thinner than those of the normal distribution (flat-topped curve). The Fisher Kurtosis is
defined by

13 f= &H—3 (2.2)

From here we will use §; if we talk about kurtosis.
Using the expressions above, one finds for our standard Gaussian:

The integrated line strength ~:

1/ xz—x0\2 X —X [e3]
= [ 4 ) dp = A0 T f( 0)‘
0% / e s oy/5er o )



erf is the ’error’-function and erf(—oco) = —1 and erf(co) = 1.
Then:
v = AoV2w (2.3)
The mean abscissa Xj:
1 —1(2=z0)?
Xo = - rAe 2\"o ) dx
77
1 | (2—wg )2 7r X—X
= 2 |—Ae 2 (55) +A\/>z Jerf< O>”
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2
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)
The dispersion og:
17 ooy 2
ok = = /(;foo)QAe*%( =) da
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2
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The Fisher coefficient of Skewness £;:
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— 00
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¥ 20 o
= 0
& =0 (2.6)

This is what we expected for a symmetric distribution like a standard Gauss.



The Fisher coefficient of Kurtosis &s:

o0 4
1 — —(z—29)?
& = /(x m0> Ae” =2 da
0% o

w2 (e 3 _ _ 2 _ o
_ 1 = (x — w0) 23(95 To) o Y WUerf<X xo>
Y o 2 V2o /]|
= 3
=3
& =0

2.2 Partial derivatives of the standard Gauss function

The standard Gauss is represented by the formula:

L (220

2
d(x) = Ae” 2\ "2 ) +Z
The partial derivatives used in the least squares routine to fit the parameters are:

8(;5(95) e_%(m)z

o

0A
Op(x) _ , _1(2=m)? (z — o)
8x0 = de ( ) 0’2
Op(x) _ (2= (x —xp)”
oo = e ) o3

the derivatives for the background Z = Zy + Z; (v — xg) + Z2 (x — x9)? are:

9¢(x)

270 1
s
9¢() _ 2
0z, ~ @-@)

2.3 Relation between FWHM and dispersion of a (Gauss
Consider a standard Gauss function without any offset and symmetric around zg = 0:
flx) = A+ ()"

To find a width at certain height given the dispersion, find a x) with 0 < A < 1 for which:

a2
Ae2s2 :)\A—>x§:202ln%

(2.12)
(2.13)

(2.14)
(2.15)



Ty = U\/an%

A frequently used measure of profile width is the the Full Width at Half Maximum fwhm. This width
can be expressed in o by substitution of A = % and multiplication of the solution by 2 because the
dispersion is a half width!

1
fwhm =20 [2In 4 =20V2In2 ~ 2.3550
2

’fwhm:2a\/m‘

Note that the error in the fitted width at any height, increases or decreases with the same factor.



Chapter 3

The Gauss-Hermite series

The Gauss-Hermite (GH) series in XGAUPROF with y = 2=t is represented by:

o(z) = aetV’ {1 13 0 —3vay)

Lt
V6 V24

Simplify this equation further:

¢(z) = aE {1+ hs(c1y + csy°) + ha(co + cay® + cay®) }

or:
p(z) =aEQ
with B = e~ 3%, Q = {14 hs(cry + c3y®) + ha(co + c2y® + cay*)} and further:
1 2 1
C(]:i\/é 01:—\/§ 02:—\@ ngg\/g 6425\/6
Then the partial derivatives used in the least-squares fit routine are:
9¢(x)
= F
da @
0p(x 1
q;(b ) = aF - [hs(—c1 — 3esy?) + ha(—2coy — desy®) +y Q]
1 .
8%(:) = ab p [h3(—c1y — 3esy®) + ha(—2c2y® — deay®) +y* Q] = aq;(bx)
0
;)}(Lf) = aE(ay+csy’)
0
¢(x) — GE(CO +02y2 +C4y4)
Ohy
Note that %(f) = _atg(bm). We will need this expression if we want to calculate the position of the

(4y* — 12¢% + 3)} +Z

maximum of the GH series. This position is only equal to parameter b if h3 = hy = 0! To find the real

maximum, solve:

which means solving:

hs(—c1 — 3e3y®) + ha(—2c2y — dcay®) +y {1+ hs(cry + c3y®) + halco + c2y® + cay®)} =0
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1
=—ak p [hs(—c1 — 3esy®) + ha(—2coy — 4eay®) +y Q] =0



After rearranging the equation above we get:

Asy” 4 Ayt + Asy® + Xoy® + My + Ao =0 (3.6)

with coefficients equal to:

Ao = —hsca

A = hyg(co—2c2)+1

A2 = hsz(c1 — 3c3)

Az = hyg(ca —4ey)

Ay = hzes

As = hacy

We applied a bisection to solve the equation. For initial limits we use x1 = b — %c and xo = b+ %c
which for the bisection equation is the same as y; = —% and yo = %

3.1 Moments of the GH series

As stated before, in the function:
b(z)=ae 2V, {14 hs(cry + c39”) + halco + c2y® + cay™®) }

with:
r—0b

Yy =
Cc

the parameters a, b and ¢ are only equal to A, z¢ and o of a standard Gaussian, if hg = hy = 0. If we
want to compare these parameters for hg and/or hs unequal to 0 then we have to calculate the profile
properties using the moments of the GH distribution:

The integrated line strength ~:

r 1
v = / d(z)dr =acV2r (14 cohy +cahy +3cahy) =acV2r(l+ Z\@h@

y=acV2r(l+ 16 hy) (3.7)
The mean abscissa Xj:
1 o0
Xo = — / xo(x)dx
Y

1
= —acV2w (b+001h3+3CC3h3+bCOh4+b02h4+3bC4h4)
v

= %ac\/ﬂ {b(l + i\@h‘l) +C(\/§h3)]

. V3 h3
1+ 5V6hy

b+e {ﬁhg(li\@m)}

Q
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The last step is an approximation. Remember that (1 + ax)ﬁ ~ 1 — afx for small z. If we include
only the lowest order terms in hs and h4, then:

The dispersion og:

| Xo~b+V3hsel (3.8)
- = [ o= XoPota)da

1 1 21 4
*CLC\/%CZ( + 3co hg + 5co hy + C4h2)
(1+Coh4+02h4+364h4>
02 (1 + 30() h4 + 562 h4 + 2104 h4)
(1+00h4+62h4+304h4)3
s 14236y
¢ 3
ERENTN
02(14—2\/6}14)

Q

Q

oo~ cV14+2V6hy = c(1+V6hy) (3.9)

The Fisher coefficient of Skewness £;:
A set of observations that is not symmetrically distributed is said to be skewed. If the distribution has
a longer tail less than the maximum, the function has negative skewness. Otherwise, it has positive

skewness.

&1

Q

2a¢V2m A 3cshs

==

3
62(1+h4 (3CU+562+2164)) ) 2

3
(14 o ha + 2 ha + 3ca ha) ( T e e Y

6cshs (14 coha + caha+ 34 hy)?
(1+ ha (3co + Bea + 21cy))*
43 hs (1+ 1B hy)?
(1+ 2%\/6h4)%

(3.10)

This is what we could have expected because hs is the parameter that measures asymmetric deviations.
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The Fisher coefficient of Kurtosis &s:

o - L (22 o

— 00

1 —3acV2m (14 cohy + cohy + 3C4h4)2 (=1 — 5cohg — 9cohy — 4Tcqhy)
v (1+ 3coha + 5eaha + 21cahy)?
3(1+ hy(co+ ca+ 3cq)(1+ hy(5eg + 9eo + 47¢y)
(1+ hy (3¢o + 5ea + 21ey))?
3(14 3v6ha)(1+ 956 hy)
(1+23V6hy)’

Q

’52%3—5—8\/5@‘ (3.11)

& ~ 86 hy (3.12)

The initial guesses for the hg and hy parameters in the least-squares fit, are set to zero because we
expect that the profile will still resemble the standard Gaussian. If a fit is successful, the profile
parameters v, X and o, skewness and kurtosis are calculated from a,b, ¢, hs and h4 using the formulas
above. For the errors in these parameters we derived:

! Aa\?  [Ac\? 1 INAE
s =\ (5) (%) +<§\/5+h4> (5) (3:19)
AXy = 1/(Ab) +3h3(A0) + 3¢2(Ahy)? (3.14)
Aoy = \/(1+\/6h4)2(Ac)2+6c2(Ah4)2 (3.15)
A& = 4V3Ahs (3.16)
Afy = 8V6AR (3.17)
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Chapter 4

The Voigt profile

The Voigt profile is a line-shape which results form a convolution of Lorentzian and Doppler line
broadening mechanisms:

1 ay,
orentz = - 4.1
O rLorent=(V) T (v—19)?+ a2 (4.1)
1 /2 ~m2tp?®
¢Dopple’l“(1/) = —€ szD (42)

ap ™

Both functions are normalized. ap and «aj, are half widths at half maximum. Convolution is given
by the relation

oo

() % g(v) = / f(v — Dg(t)dt

Define the ratio of Lorentz to Doppler widths as
y=L V2 (4.3)
ap

and the frequency scale (in units of the Doppler Line-shape half-width ap )

z=2""Vn2 (4.4)

ap
then:
1vIn2 vy
or(v) = T ap x2+y2
and

1 In2 2
Op(v) = [ ==e
ap s

vIn2 y 1 vVIn2 _,»
— e
ap (z—t)2+y?ap V7

The convolution:

dt

3=

oL(v) > ¢p(v) = 7

If you replace v by v — t in the expression for x, then

_ — VIn 2 In2
x—t’:u ln2—ﬂvln =Y V0v1n2—t - :x—\/Tt
ap D D ap

ap « «
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and we conclude that ¢/ = —V;ﬂt and dt/ = Y027t & df = 22_qt’
D ap VIn 2

or(v)x¢p(v) =

1 VIn2vIn2 ap y]o e—t”
ap ap /T /In2 (

— 00

Replace ¢’ by ¢ to obtain:

x—t)2 +y?

dt’

bu(v) = ¢r(v) * ép(v aD\/F/ T —————dt — (4.5)
1 Vi -t
b (v) = O}D\/?ij;\/ﬁé (am:>2+ (g—\/ﬁf (4.6)
_arh2 f e "
¢y (v) = o2 o Zo (V ”0\/1?2—75) N (%m)2dt (4.7)

Note that o, and ap are both half~-width and not FWHM’s. As we will see in the next section:

| ¢, (v)dv =1 so the Voigt profile (eq.4.5 or eq.4.7) is also normalized.

4.1 The Voigt function K(z,y)

Part of the expression for the Voigt line-shape is the Voigt function. The formula for this function is:

oo

K(z,y) = J /eidt
o2+ (- t)?
Rewrite the Voigt function using the integral:
/e_y” cos ((z — t)v)dv = S —
(z —1)* +y?
0
Then:
+oo 2
1 ye~t
K R —
@ = 1 [ e
1 OO o0 .
= /e /e YV cos ((x — t)v) dv dt
™
—o00 0
1 o} +oo
= /e y”/ ~* cos ((z — t)v) dt dv
v
0 —o00
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o] +oo

1
= f/e*y” COS TV / et costvdt dv

7T
0 —o0

where we used the relation:
cos(a — b) = cosacosb + sinasinb

and the fact that the sine part of the intergral evaluate to zero.
To continue, we use another well known integral:

+oo

/ et cos (tv)dt = \/me T —

— 00

-

o0
2
/ e~ Te Y cos(zv) dv
0

e—ﬁ—yv(eimv 4 e—ixv)d,u

[\}
<=

‘ -

(e~ 4 o= = (rtin)v) g,

3

Let z = x + iy, then iz = —(y — ix), iz = (y + iz) then the Voigt function is:

2

K —iz)? =22 +ef(%+i2)272 )d’U

with:

and x and y from equations 4.4 and 4.3.
Let ul =v/2 —iz and ug = v/2 + iz:

o0 oo

1 1 _
K(z,y) = 7= e /e‘“lzdul + ﬁe_;/e_“"ﬁdug

oo
According to Abramowitz & Stegun (AS): erfe(z) = % [etdt so that:

1 _
K(z,y) = 3 (efz erfc(—iz) + efZQerfc(iZ))
In AS we find the function w(z) defined as:

_22

w(z) = e * erfc(—iz)
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With the relations above one recognizes the relation w(z) = w(—=z). If we write the Voigt function in
terms of function w then:

K(z,) = 3{0(2) +w(-) = 3 {w(=) + 20} = R{w(2)}

| K(z,y) = ®{w(z)} | (4.10)

17



4.2 Area under the Voigt Line-shape
Remember the Voigt line-shape was given by:
A [In2 i et
V) = O@\/jit/ e e L (4.11)

oo
We want to evaluate [ ¢(v)dv. By changing the integration order, one can write:

— 00

700 o(v)dv = %\/F / 2:(;2_ ok dv S dt

v=—00 t=—o00 V_—OO

Because © = “7>2VIn 2, we derive dv = =dx

Vin2
T In2 7 et
v)dv —————dx y dt
| o= mIT /y2+<x—t)2
(oo} o0
The inner integral [ md arctan(myt)‘ = & so that:

7 o(v)dv = / VR4

This proves what we already expected. Besides the area scaling factor A (which is a fit parameter in the
least-squares fit) the area of the convolution of the two functions (Lorentzian and Doppler line-shapes)
is normalized. The amplitude is found at v = 9. Then according to its definition z = 0 and the relation
between the amplitude and area is amp = ¢(vp):

amp = 2\ 22 K(0,y) (4.12)
The error in the amplitude is then:
In2 0o A 2 0 A 2
Aamp = /== K(0.y) \/ (gag o Ben) + (10-24)
In2 A ? 1 ?
2
Aamp = amp \/(i‘?) + (%)2 (4.13)
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4.3 Partial derivatives of the Voigt Function

Consider the relations z = x + iy and —z = —z + iy. Then:

Then:

0o _0:00 O +i) 0o _ o
0r Or 0z dr 0z Oz
Ow _0(=2) Ow _ O(-z+iy) Ow — 0w
or  Oxr O(—z) ox o(-z)  0(-2)
Qo _ 0200 _dls+in)0s _ 00
oy Oyoz oy 0z 0z
Jw 0(=2) OJw  O(-z+iy) Ow _ —0w
dy Oy O(—z) oy o(—z)  0(-2)

0K (z,y)

ox

with w(—2) = w(z):

In the same way we write:

OK(z,y)
dy

| = N NI QO

————

|
Q —

9
ox

{306 +e-a}

ow(z)  Ow(—
{ Oz * 8x
9

2zw(z

{0
-l

1
2
1
2
1
2

(zw(z) + zZw(—2))

— (zw(z) + zw(z))
—2R {zw(z)}

T

+23{zw(2)}
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2)}

(-2}

27 (~2-5(-2)

Now it is necessary to find 8“5—(;). In Abramowitz & Stegun we find the relation 8“5—(;) =

e
NG

)}

—2z2w(z) +

20
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To summarize:

OEY) = —oR{aw(z)} (4.14)
P) — — 2 1 2% {zw(2)} (4.15)

4.4 Partial derivatives of the Voigt Line-shape

Lets start to recall some definitions:

A [In2
ap m
with: B
x:v UO\/IHQ y:%vln2
ap ap
K (@) = =2 {ew ()}, K (@) = ——= +29 2w ()}
o T,y 2w " oy T,y) = NG SH{zw (2
Then:
L WS Y
A~ apV 7 K(x’y)_aD R{w(2)} (4.16)
9 A 20 \/T -1
e~ ap axK(x,) g { 2R {zw (2 }OéD In 2 (4.17)
o _ A [m29 Oy AW 2 El
oo~ apV x ByK(x )811 e { +2\r{zw()}} oy In2 (4.18)
0 0 A [In2 A [In2 0
—_— = K —\/— — ——K
80&[) ($ y) aap{ap i }+ D ™ 804D (x,y)

= /=== <K (z,y) er—xK(x,y) +y;?yK(x,y)) (4.19)
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Chapter 5

Initial estimates

We automated calculating initial estimates using a method described by Schwarz (1968) called the
gauest method. A second-order polynomial is fitted at each pixel position zj using 2@ + 1 points
distributed symmetrically around xj. The value at x is not the profile value at that point, but the
median of that value and the two neighbours. Outliers that are not filtered with this median filter can
be masked in the plot with the left mouse button. In XGAU PROF the factor @ is called the
smoothing factor. The coefficient of the second-order term of the polynomial is an approximation of the
second derivative of the observed profile. Assuming that the observed profile can be approximated by
the sum of a few (standard) Gaussian functions, the parameters x¢ and o are calculated from the main
minima of the second derivative. The amplitude is derived from the observed profile. Tests using
different threshold values make it possible to discriminate against spurious components; the threshold
values depend on @ and the r.m.s. noise of the observed profile. The Gaussian components are then
subtracted from the observed profile, and the residual profile, mainly the sum of a few remaining
broader components, is handled in the same way as the original. Profiles with a maximum amplitude
smaller than a user given value and profiles with a dispersion smaller than a user given value are
discarded. The initial values for these filters are set to zero. Blanks in the profile and points that are
masked by the user are set to the value of the zero level. If you did not fix a certain zero level, then the
median of the profile is used as an estimate. If you did not fix the r.m.s. noise of the observed profile,
the distance between the quartiles of the profile is used as an estimate.
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