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Ergodic Theorem

Statistical Cosmological
Principle

Cosmological Principle:

Universe is Isotropic and Homogeneous

u
Homogeneous & Isotropic Random Field )/ (X) :

Homogenous pD/(Z(+ a)%‘ uzm }( Xl o
Isotropic pD/ ( X- » =m J'(l X '}D]

u
Within Universe one particular realization V' (X) :

u
Observations: only spatial distribution in that one particular J/ (X)

Theory: b (X1




Ergodic Theorem

Spatial Averages
Ensemble Averages ¢  over one realization
of random field

ABasis for statistical analysis cosmological large scale structure

Aln statistical mechanics Ergodic Hypothesis usually refers to time evolution
of system, in cosmological applications to spatial distribution at one fixed time

Ergodic Theorem

Validity Ergodic Theorem:

AProven for Gaussian random fields with continuous power spectrum
ARequirement:
spatial correlations decay sufficiently rapidly with separation
such that
many statistically independent volumes in one realization

2S¢

u
All information present iy complete distribution function p[y/ (X)] available
from single sample)/ (X) over all space
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Fair Sample Hypothesis

Astatistical Cosmological Principle

+

Aweak cosmological principle
(small fluctuations initially and today over Hubble scale)

+

A Ergodic Hypothesis

fair sample hypothesis
(Peebles 1980)

Discrete e.g. Continuous
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Discrete & Continuous
Distributions

AHow to relate discrete and continuous distributions:

“
A Define number density n(x) for a point process:

n()=r1 ¥R & g x »

u
OID (X) Dirac Delta function

. d gd_
<a a, (X- )ﬁ?> =N ensemble average

Correlation Functions




Correlation Functions

Joint probability that
in each one of

the two infinitesimal volumes

dv, & dv,,

at distancerr,

lies a galaxy

500
bt Mpe h-! Mpe bt Mpe

Infinitesimal Definition Two-Point Correlation Function:

dP(r) = ; (L+&(r)) dVidVs

mean density

Correlation Functions

In case of
Homogeneous & Isotropic
point process

then X(ry)‘

only dependent on

\¥ |
|r Er

Infinitesimal Definition Two-Point Correlation Function:

dP('r') = (7 (1 + f('f)) dV1dVs

mean density
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Correlation Functions
<::> Continuous

Discrete

Two-point correlation function

yu
dP(X, %)

Autocorrelation function

u
L9 av av1 w( o] x(ny)=( @) (2))
r, =X, X, | g{;)lb:nb(;llctj{/?r 2 points in
d
<a’(x)> =0

Correlation Functions

AGaussian (primordial and large-scale) density field:

Autocorrelation function x(r) Fourier transform power spectrum P(k)
dk :
r) = r|]) = — P;(k)eikr
) = &) = [ 55 Pr®
Autocorrelation function completely specifies statistical properties
of field

AFirst order measure of deviations from uniformity

ANonlinear objects (halos):
x(r) measure of density profile

ALarge Scales:
related to dynamics of structure formation via e.g.

cosmic virial theorem
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Correlation Functions:
related measures

Other measures related to x(r) :

A Second-order intensity /,(r)=n" ) 4
A Pair correlation function  9(r) =1 (r)
A Conditional density X(r) =@ X (r))

Correlation Functions:
related measures

35(r)* [y x(y) Y dy

Volume averaged correlation function X(I’)

x(r) = 3 - 64 L ()X dx ____3Jr33(r)

4pr

7/1/2009



7/1/2009

Power-law Correlations

3 ] ar 6
=
\.\\ V _ -u
™ x(r) = ae}_ &
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Correlation Functions

Elry) = 1.

Clustering length/
fiCorrel ati ond
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Coherence length
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Correlation Function

Estimators

Minimal Estimator

V(W) ¥ n (1)
N Nin la:i \/Sh

1

Xmin(r) -

For galaxies close to the boundary

the number of neighbours is * . *

Underestimated. One way to : .

overcome this problem is to consider E » |

as centers for counting neighbours 5 . .

only galaxies lying within an inner : . % 5'

window W, '. ! . ° P
1 r ° <—>

Vg, is the volume of the shell of LIS . . :

width dr ° . e

10
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Edge-Corrected Estimator

VW) & ()

1
N2 LV

Xedge(r) -

N;(r): number of neighours at distance

r
in the interval [r,r+dr] from galaxy | | ® . J
Vi  volume of the intersection of the . rtdr
shell with W [T> 8z
W: when W a cube, an analytic L v;

o, .

[ ] LI ®
° L]

expression for V; can be found
in Baddely et al. (1993).

™ 114 . Lo

Estimators Redshift Surveys

A In redshift surveys, galaxies are not sampled uniformly over the survey volume

A Depth selection:

in magnitude-limited surveys, the sampling density decreases as function of
distance

A Survey Geometry
boundaries of survey often nontrivially defined:
- slice surveys
- non-uniform sky coverage

etc.

Clustering in survey compared with sample of Poisson distributed points,
following the same sampling behaviour in depth and survey geometry

Difference in clustering between
data sample (D) and Poisson sample (R)
genuine clustering

11



Estimators Redshift Surveys

Clustering in survey compared with sample of Poisson distributed points,
following the same sampling behaviour in depth and survey geometry

Difference in clustering between
data sample (D) and Poisson sample (R)
genuine clustering

n, (DD) .
A =_RAN_ /7 Davis-Peebl
XDP(r) nD <R® (13\;3';) cenes
A X (I’) = <DD><RR> K Hamilton
Ham < DR>2 (1993)
an [ DD> Ng <DR> Landy-Szalay

:1 R T 2
A Xs(r) "’aen— U< RR’ n < RR (1993)

Angular

Two -point Correlation Function

7/1/2009
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Angular Correlation Function

Galaxy sky distribution:

@Galaxies clustered,
a projected expression of the
true 3-D clustering

@Probability to find a galaxy near
another galaxy higher than
average (Poisson) probability

Quantitatively expressed by
2-pt correlation function w(0):

dP(g)=TP(L (3 d M,

Excess probability of finding
2 gal és at aogul i

dP() = TP (3} d M

4

Two-point angular correlation
function is thx€r)n

Li mber 6s Equatio

w(g) = = 2
& P(¥) dx g
€o u

p(x): survey selection function

A PR PO X6 dxdwee(| % xlf

7/1/2009
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Limber Equation

_Nn PRY) POS) X %7 dx dpe(| % ¥

w(q) =
(%]
éF° P(X dx ()
€o u

o 9. o .
ar, a1 6

x(r):g E«—» W)= A o

0.03<z<0.04

2 <001 0.04<z<0.05

0.0 <z<0.02 0.05<z<0.00

" L
0.02<z<0.03 25 0.06

7/1/2009
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Angular Clustering Scaling

o, ** APM survey
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Angular Clustering Scaling

o, ** APM survey
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Angular Clustering Scaling

The angular scaling of wg) is found back to even fainter magnitudes in the
SDSS survey (m=22)
Clear evidence that there are no significant large structures on scales > 1200 Mpc

01 [
* 18<r<19

.....
? .
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= |
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Redshift Space Distortions
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Redshift Distortions

A'In reality, galaxies do not exactly follow the

Hubble flow:

In addition to the cosmological flow, there are

| ocally
motion:

nduced vel oci

cz= Hr

pec

t he gal axyds ,peculiar

A As a result, maps on the basis of galaxy z do ng

refl ect

the gal axi esd

[ Redshift Distortions

J/

Origin of peculiar velocities:

three regimes

@very highdensity virialized
cluster (core)regions:
O0thermal 6 mo t
up to >1000 km/s

OFingers of
dcollapsing overdensity
(forming cluster):

inflow/infall velocity

@ arge scales:
(linear, quasiinear) cosmic flow

manifestation of structure growtl‘"

Real space: Redshift space:

O
@ Squashing effect

Linear regime

@ Collapsed

Turnaround

Collapsing Finger-of-god

7/1/2009
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Fingers of God

= 21 deg- —

Galaxy velocity /

component along
line of sight

T

D

l before &

Coma Cluster :
z=10.023 (6900 km/s) -
390 sources modified

“finger”
transformed
into gaussian
sphere

Fingers of God

Clusters of galaxies:

Mass: o105 M,
Radius: ~ Mpc
O verdensity D~ 1000

Thermal velocity: ~ 1000 km/s

Internal cluster galaxy velocities
visible in projection along line of sight

—> OdFinger of

2 des. —>

cl$ d 6
before
“finger’”
transformed
into ganssian
sphere
Abell 3558

z=0.048 {14,400 km/s)
279 sources modified

7/1/2009

19



7/1/2009

Nonlinear

Infall

Pattern

Cluster Infall:

Matter in surroundings falling
in onto cluster:

dinfall velocities up to 1000 km/s
radiallydeclining :

@velocities decrease as distance
to cluster centre increases

dprojected radial velocity
function of angle & distance
wrt. cluster centre.

(a)

REAL

SPACE

(b) REDSHIFT SPACE
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- within turnaround radius, § [ LN ]
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gooo et boa oo loeoulosy]
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~
Nonlinear Infall Pattern
J
il ji
. 9000 [ -
Cluster Caustics: £ 1
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> 7000 [~ =
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Large Scale Flows

Large-Scale Flows:

@0n large (Mpc) scales,
structure formation
still in linear regime

@Btructure buildup
accompanied
by displacement of matter:
- Cosmic flows

@Directly related to
cosmic matter distribution

dn principle possible to
correct for this distortion,
ie. to invert the mapping
from real toredshiftspace

@ZCondition: 0 I
entire mass distribution vixt) = EM” / dx' b,u(x', 1) (xl—le
within volume should dr b i |x' — x|
be mapped

Large Scale Flows

30 - REAL-SPACE REDSHIFT-SPACE
TR ot

Large-Scale Flows:

The induced large scale

peculiar velocities translate
into extra contributions to 0
the redshift of the galaxies

Compare
oreal space6 H
gedshifts pacedé str

Distance (10/h Mpc)
8
T

SELECTED

(spwx 0004) AnoojA

7/1/2009
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Correlation Functions:

Redshift Space

22



n /h"Mpc

n /h"Mpc

sky-redshift space
2-pt correlation function x(s ,p)

Correlation function determined
in sky-redshift space:

x(s X

sky position: s=(agx
redshift coordinate: P =Cz

Close distances:
distortion due to non-linear
Finger of God

Large distances:
distortions due to large-scale
flows

¢ /h”"Mpc

Redshift Space Distortions
Correlation Function

On average, X (S)gets amplified
wrt. X, ()

Linear perturbation theory
(Kaiser 1987):

Large distances:
distortions due to large-scale
flows

@=L £ W I W

7/1/2009
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100 ¢

10

0.1

O
0.01

Spatial 2pt -Correlation Function

SDSS
LCRS
(s/8 h™'Mpec)™"*

|

0.1

1
s (h™" Mpe)

Measurement
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Deprojected Spatial Correlations

100
2pt correlation function
not an ideal power-law:
i power-law. 10
Halo Model: 1

Two-point correlation function “n
combination of 0.1

1) small-scale correlations,
due to galaxies inside
one dark matter halo

0.01

0.001
2) large scale correlations

between dark matter halos

OLCRS (N_,=26,000)

\;‘.J‘IIHHl T

@%

ﬁ%

---APM deprojected

| @3DSS Farly Data (N,,=28,300)
E  medF (N_,=200.000)
TI\ | \IIHHl | \\IHH‘ L1 L1
0.1 1 10
hs {(Mpe)

Convergence to Homogeneity

The correlation function
g(N=1+x1n

Stromlo-APM, Las Campanas
CfA2, ESP redshift surveys.

The fractal behavior at small
scales dissapears at larger
distances, providing evidence
for a gradual transition to
homogeneity.

1+4(n)

4

Plot from Martinez, 1999, Science, 284, 445.
(1) Loveday et al., 1995, ApJ, 442, 457

(2) Tuckeretal., 1997, MNRAS, 285, L5
(3) Guzzo et al.,, 2000, AA, 355, 1

Stromlo-APM k
Las Campanas =»
ESP . i
. CfA2 . ]
aiDe2 :
ot Ly= 4
S _
i ]
RN
A."._
4 J
+ “u,
D=3 L]
2 "0 % a0 suly . :. 'S .
10 100
r (b Mpe)
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Luminosity Dependence

Correlation Functions

Galaxy Luminosity Dependence

. SDSS
RN 1 correlation function
- - .

for galaxies in different
luminosity bins
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Spatial Structure &

Correlation Functions

Structural Insensitivity

Voronoi foam, R=1.6, smoothed original

2-pt correlation function is
highly insensitive to the geometry & morphology
of weblike patterns:

compare 2 distributions with same
(), cq. P(K),
but totally different phase distribution

In practice, some sensitivity in terms of distinction
Field, Filamentary, Wall-like and Cluster-dominated
distributions:

because of different fractal dimensions

7/1/2009
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Structural Sensitivity

Wall-
dominated

&(r)

&)

Filamentary

&

Cluster-like

Cluster

Correlation Functions

28



Clustering
of
Clusters

Clusters cluster much more strongly
than galaxies:

- clustering defines superclusters !

- also power-law 2-pt correlation fct.
- same power law slope g 4.8

- much higher correlation length r, :

ro ~ 15-25 h'' Mpc

Clusters of
Galaxies

Coma Cluster

Perseus Cluster

7/1/2009
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0.1

0.1

Richness-Dependent Cluster Correlations
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@X-ray Clusters

mOptical Galaxies
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|

LL

©
1

1

1 lllllll

More massive clusters are
systematically more strongly
clustered than lower mass ones.

b \
] \
N
\

= === power law fit, Younger et al., 2005

35 - = compilation of Bachall et al., 2003
\\} # this work
30 1
[ Nooz10 T Ngoztl o 2
- N § = g
4 =25
— . . i P
L s .
E 3 °
N ] : 14
r 1 20 - -7
&ﬁf
' Npoz13 T Ny216 i-
r b 3
L i N WO o4 o | | 1 1
20 30 40 50 60 20 30 40 50 60 20 40 80 80 100
r [h-! Mpc] r [h=! Mpe] d [h~! Mpe]
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Richness-Dependent Cluster Correlations

More massive clusters are more S B e s e e
systematically more strongly '
clustered than lower mass ones: 35 & compilat

simple model: 30 i ]
Szalay & Schramm 1985 [

R, [h~! Mpc]
0
o
————i

Eee(r) = B (L’(f')>“’ 20

10~
L

Scaling of

Cluster Correlation Functions:

a geometric model
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