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1 the Soneira-Peeblesmodel

In the late seventiesSoneira& Peebles(1977) (alsoseeSoneira& Peebles1978)
noticedthattheobservedangulargalaxydistributionon thesky displaysself-similar
behavior. They succeededin reproducingthemainclusteringstatisticsof this distri-
bution with a simpleanalyticmodelwith only a few adjustableparameters,which
determinethecomplexity anddynamicrangeof theresultingpoint distribution.Be-
causethesepropertiesmay be varied in a predictablefashion,we have usedthe
Soneira-Peeblesmodel to test the performanceof the DTFE with respectto point
distributionswith asimilardynamicrangeastheobservedgalaxydistributiononthe
sky.

In essence,theSoneira-Peeblesmodelconsistsof a recipeto distributea given
numberof points.The startingpoint is a level-0 sphereof radiusR. In this sphere
� level-1 spheresareplacedwith radiusR=� and� > 1. Thenew spheresareplaced
at a randompositioninsidethe level-0 circle, suchthat their centersfall insidethe
original level-0 sphere.Within eachof these� level-1 spheres,oneplaces� level-
2 spheresof radiusR=� 2. This processis repeateduntil oneendsup with in total
� L level-L spheresof radiusR=� L. At the centerof eachof theselevel-L spheresa
point is placed.Onethereforeendsup with in total � L points,which in theSoneira-
Peeblesmodelrepresentgalaxies.We will referto this procedureup to this point as
thesingularSoneira-Peeblesmodel. This procedureis illustratedin thetop panelof
Fig. 1.

The Soneira-Peeblesmodelis controlledthroughthreeparameters,� , L and� .
Thee� ectof varyingtheseparametersontheresultingpointdistributionis illustrated
in the 2nd to 4th row of Fig. 1. For a given numberof points, � determinesthe
dynamicrangeof theresultingpointdistribution.For asmallvalueof � , many levels
areneededto reacha �x ed numberof points,while a large valueof � resultsin a
smallernumberof levels.A smallvalueof � alsoresultsin a smaller�lling fraction
of spacewith spheresthana high valueof � (2ndrow in Fig. 1). L denotesthetotal
numberof levels andthereforedeterminesthe rangeof densitiesandscalesin the
resultingpointdistribution.For a�x edvalueof � , L alsodeterminesthetotalnumber
of points(third row in Fig. 1). Finally, for givenvaluesof � andL, � determinesthe
rangeof spatialscales.A valueof � closeto 1 meansthat subsequentspheresof
higher levels areof comparablesize.Valuesof � much larger thanonemeanthat
eachsubsequentlevel consistsof sphereswhich aresigni�cantly smallerthan the
spheresin theprecedinglevel (bottomrow in Fig. 1).

An importantpropertyof theSoneira-Peeblesmodelis that it is oneof the few
analyticself-similarmodelsof thegalaxydistribution for which thetwo-pointcorre-
lation functioncanbeanalyticallyevaluated.In M dimensionsit is givenby

� (r) � r � 
 ; (1)

with


 = M �
 
log�
log�

!
for

R
� L� 1 < r < R: (2)
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Fig. 1. The Soneira-Peeblesmodel.Insidea level-0 sphere� level-1 circlesareplacedwith
a radiuswhich is smallerby a �x ed factor. This processis repeateduntil oneendsup with
� L level-L circles.At thecenterof theselevel-L circles� L pointsareplaced,which form the
resultingSoneira-Peeblespoint distribution.

Theparameters� and� maybechosensuchthat thetwo-pointcorrelationfunction
of the resultingpoint distribution matchesthe two-point correlationfunctionof the
observedgalaxydistribution.

From Fig. 1 it may be appreciatedthat the Soneira-Peeblesmodel involvesa
hierarchyof structuresof varyingdensitiesandcharacteristicscales,with thehigher
level spherescorrespondingto high-densitystructuresof small scaleandthe lower
level spherescorrespondingto low-densitystructuresof largerscale.As eachof the
spheresis constructedin thesameway, theresultingpointdistributionis self-similar
andformsaboundedfractal.Thefractalgeometryof apointsetis oftencharacterized
by thefractaldimensionD, which is de�ned as

D = lim
r! 0

logN(r)
log(1=r)

: (3)

HereN(r) is thenumberof non-emptycellsin apartitionof constantcell sizer. If the
Soneira-Peeblesmodelwouldcontainanin�nite amountof levels,theresultingpoint
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Fig. 2.Thephysicalmeaningof thethreede�ning parameters� , L and� of theSoneira-Peebles
model.Theupperrow shows thee� ectof varying� , thenumberof circleswhich is placedin
eachcircle. The centralrow shows the e� ect of varying L, the total numberof levels. The
bottomrow shows thee� ectof varying� , theratio of theradiusof eachcircle with theradius
of subsequentcirclesof onelevel higher.
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distributionwouldhavefractaldimensionD = (log� )=(log � ) (we referthereaderto
Martinezetal. (1990)for anextensivedescriptionof thefractal-likepropertiesof the
Soneira-Peeblesmodel.

Theoriginal Soneira-Peeblesmodel,whichherewe will referto astheextended
Soneira-Peeblesmodel, consistedof the superpositionof several singularSoneira-
Peeblesmodelswith di� erentvaluesfor � , � andL. Therangesof valuesusedfor � ,
� andL werechosensuchthat theresultingpoint distribution resembledthegalaxy
distribution in theLick survey andsimultaneouslytheobservedtwo- andthree-point
correlationfunctions.Subsequently, absolutemagnitudeswereassignedto thepoints
accordingto a particularluminosity distribution suchthat the apparentmagnitude
distributionof theprojectedpointdistributionresembledthatof theprojectedappar-
entmagnitudedistributionof thegalaxiesin theLick survey.

Table1. Overview of anumberof relevantpropertiesof the� = 2 and� = 4 singularSoneira-
Peeblesmodelrealizations.RL denotesthe radiusof the level-L circles.The �lling factor is
the fractionof spaceoccupiedby the level-L circles.hdi denotesthemeandistancebetween
nearestneighbors.Thepeakdensityis de�ned astheinverseof theareaof thelevel-L circles.

realization1 realization2

� 4 2
� 1:90 1:75
L 8 14
#points 65536 16384
RL 2:9 � 10� 3 2:0 � 10� 4

�lling factor 0:41 1:6 � 10� 3

hdi 1:2 � 10� 3 2:5 � 10� 4

peakdensity 3:7 � 105 8:1 � 107

fractaldimensionD 2:2 1:2

1.1 Realizations:Singular Soneira-Peeblesmodel

A numberof di� erentsingularSoneira-Peeblesmodelpoint distributionsin two di-
mensions(M = 2) wereconstructed.As an illustration we describetwo particular
realizations.RealizationsSPS1is characterizedby theparameterset� = 4, � = 1:9
and L = 8. The total realizationcontains65536 points.The secondset,SPS2,is
speci�ed by theparameters� = 2, � = 1:75 andL = 14, yielding a distribution of
in total 16384points.In bothrealizationsthepointshavebeenplacedin a box with
periodicboundaryconditions.Theradiusof the initial circle, in unitsof boxsize,is
R = 0:5. In Table1 wehave listedsomerelevantquantitiesof thesetwo realizations.
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Theresultingpoint distributionsareshown in thetop left-handframesof Fig. 3
and4. The subsequentframesin the top row zoomin on a particularsmallerscale
structurein thepoint distribution. The�gures clearlyshow thedi� erencesbetween
therealizationsSPS1andSPS2.Thetwo modelshaveaverydi� erentvisualappear-
ance.This canbe mainly understoodin termsof their di� erent�lling factors,the
fraction of spaceoccupiedby the highestlevel circles.For the SPS1� = 4 model
this is morethantwo ordersof magnitudelargerthanthatof theSPS2� = 2 model
(seeTable1).

Thetwo realizationsalsohaveaverydi� erentfractaldimension,D = 2:2 for the
SPS1� = 4 modelandD = 1:2 for the SPS2� = 2 model.It is indicative of the
moreextremefractaldistribution representedby thelatter. Eventhethis distribution
containsonly a fourth of the numberof points in the � = 4 SPS1realization(see
Table1) it containsstructuresof a muchlargerdynamicrange,both in densityand
in size,thanthe SPS1model.The highestlevel circle hasradiusRL = 2:0 � 10� 4,
resultingin a peakdensity(de�ned as the inverseareaof this circle) of 8:1 � 107

pointspervolumeunit, morethantwo ordersof magnitudelarger thanin the � = 4
model.As anexampleof this in thethird columnwezoomin onapatchin theSPS2
� = 2 modelwith many morepoints thanthe equivalentregion in the SPS� = 4
model (1024vs. 297). It is a resultof the clusteringof points in sucha way that
prominentstructuresandfeaturescanbediscernedovera largerrangeof scalesand
levels. The contrastin the spatialpoint distribution of the SPS1� = 4 realization
is clearly of a considerablylower level. On the otherhand,the spatialdistribution
of the latter is characterizedby a largerrangein scalefrom level to level dueto the
highervalueof � .

1.2 Realizations:ExtendedSoneira-Peeblesmodel

In theextendedSoneira-PeeblesmodelseveralsingularSoneira-Peeblesmodelpoint
distributionsaresuperposedon top of eachother. Soneira& Peebles(1978)have
shownthatfor certainchoicesof theparameters� , � andL for thecomposingsingular
Soneira-Peeblesmodelsboththeangulargalaxydistributionasobservedin theLick
survey andtheobservedangulartwo- andthree-pointcorrelationfunctionsmaybe
reproduced.

Superposingvariousdi� erentsingularSoneira-Peeblesrealizations,eachwith a
di� erentself-similarbehavior anddynamicrange,producesahighly complex spatial
point distribution containingstructuresandfeaturesovera largerangeof scalesand
with highly varyingdensities.WehaveconstructedapointdistributionSPE1follow-
ing this recipe.We have added30 singularSoneira-Peeblesrealizationswith � = 2
and� = 1:75 andwith L varyingbetween7 and16.Theresultingpoint distribution
consistsof 111936pointsandis shown in thetop left frameof Fig. 5.
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TSC

DTFE

SPH

h=4

Fig. 3. SingularSoneira-Peeblesmodelwith with � = 4, � = 1:9 andL = 8. Top row: full
point distribution (left-handframe)andzoom-insfocusingon a particularstructure(central
andright-handframes).Rows 2 to 4: correspondingdensity�eld reconstructionsproduced
usingtheTSC,SPHandDTFE methods.
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TSC

DTFE

SPH

h=2

Fig. 4. SingularSoneira-Peeblesmodel with � = 2, � = 1:75 and L = 14. Top row: full
point distribution (left-handframe)andzoom-insfocusingon a particularstructure(central
andright-handframes).Rows 2 to 4: correspondingdensity�eld reconstructionsproduced
usingtheTSC,SPHandDTFE methods.
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TSC

DTFE

SPH

Fig. 5.ExtendedSoneira-Peeblesmodel.Toprow: full pointdistribution(left-handframe)and
zoom-insfocusingon a featurewith interestingsubstructure(centralandright-handframe).
Rows 2 to 4: correspondingdensity�eld reconstructionsproducedusingtheTSC,SPHand
DTFE methods.
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2 DensityField Reconstructions

We have reconstructedthe density�elds which correspondto the � = 4, � = 2 and
extendedmodelpoint distribution realizationsshown in the top columnof Fig. 3,
Fig. 4 and Fig. 5 by meansof a �x ed, grid-basedTSC reconstructionprocedure,
an adaptive SPH-like reconstructionprescriptionand the DTFE procedure.Gray-
scaleimagesof thecorrespondingdensity�eld reconstructionsareshown in Fig. 3,
Fig. 4 andFig. 5: the2ndcolumndepictstheTSC density�eld reconstruction,the
third column the SPH density �eld reconstructionand the 4th column the DTFE
�eld reconstruction.In eachcasethe lefthandcolumn correspondsto the density
distribution in the full box, while the next two columnsdepict the density�eld in
successive zoom-ins.Thesehave beenselectedaccordingto whetherthey contain
interestingfeatures.

2.1 The � = 4 singular model

First considerthe lessextremecaseof the� = 4 SPS1model,shown in Fig. 3. The
highestlevel circle hasradiusRL = 2:9 � 10� 3, resultingin a peakdensity(de�ned
astheinverseareaof this circle) of 3:7 � 105 pointspervolumeunit, morethantwo
ordersof magnitudelower thanin the� = 2 SPS2model.Wheninspectingthecom-
pletebox (left-handcolumn)thereconstructionsof thedi� erentmethodsappearto
bequalitatively similar. TheTSCreconstructionseemssomewhatmoreblurry than
the SPHandDTFE reconstructions:the TSC density�eld shows lesscontrastbe-
tweenlow andhighdensitystructures.Also, structuresappearto besomewhatmore
extended.On this scalethe di� erencebetweenthe SPHandDTFE reconstructions
is verysmall.Theonly noticeabledi� erenceis that theDTFE reconstructionhave a
somewhatcrispier.appearance.

Thedi� erencesbetweenthevariousmethodsbecomemoreapparentwhenzoom-
ing in onparticularpatchesin thedensity�eld reconstructions,ascanbeclearlyap-
preciatedfrom thecentralandrighthandcolumnsof Fig. 3. Goingfrom TSCto SPH
to DTFE structuresarebetterresolved andarecharacterizedby a highercontrast.
Structuresin theTSCdensity�eld reconstructionsaremoreblurry thantheir coun-
terpartsin theSPHreconstructions,while thelatteragainaresomewhatblurrier than
thecorrespondingfeaturesin theDTFEreconstructions.

Thesedi� erencesin visual appearancecan be directly relatedto the e� ective
smoothingkernelscorrespondingto thereconstructionmethods.TheTSCprocedure
is baseduponthe useof a �x ed andrigid grid. The methodis thereforeunableto
tracelocalvariationsin thenumberdensityof thepointdistributiononscalessmaller
than the grid scale.This meansthat structuressmallerthan the sizeof a grid cell
areunresolved andsmearedout over the extent of at leastonegrid cell. The SPH
kerneladjustsitself to variationsin thesamplingdensity, with a kernelsizede�ned
suchthat it always constainsa certainamountof samplepoints. This numberis
usuallyin therangeof a few dozenpoints.However, theSPHkernelis lesssensitive
to the con�guration of the local point distribution thanthe DTFE kernel.Its shape
is user-de�ned and �x ed, in most casesspherical,and do not adjust to the local
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point distribution. As a result the SPHkernelsperform lessthanoptimal when it
encounterstypical anisotropicfeaturesor sharptransitionregionsbetweendistinct
morphologicalfeatures.Thee� ectiveDTFEkernelnotonly adjustsitself to thelocal
numberdensityof samplepoints,with on averagethe leastnumberof neighbour
points,but alsoto the local variationsin the geometryof the point distributions:it
managesto traceelongated�lamentary features,�attenedfeatures,largelow-density
regionsor extremelycompacthigh-densityfeaturesautomaticallyandwithout the
needto specifya priori their shape.

In all reconstructionsartefactsrelatedto thecharacteristicgeometryof thee� ec-
tivesmoothingkernelsarevisible. In thecaseof theTSCproceduretherigid geom-
etryof theTSCgrid producesmaximawhichlie at thecentersof grid cells.TheSPH
kernel,on theotherhand,producesartefactsat thetransitionregionsbetweendi� er-
ent structuresasit tendsto preferentiallysamplefrom only oneof thesurrounding
structures,usually the densestone,andsubsequentlyinterpolatesaccordingto the
user-de�ned kernelshapeinsteadof onede�ned by the local geometry. As a result
it producesarti�cial wingswhich fall o� smoothlytowardsthebackground,render-
ing acorrectionfor thearti�cial wingsverydi� cult. Also theDTFEreconstructions
containarti�cial wingsat theoutskirtsof structures.Thesewingshavea distincttri-
angularshape.They areparticularlyprominentat siteswherethedensitydropsvery
quickly to (almost)zero,yielding Delaunaytriangleswhich suddenlybecomevery
extended.While thesearti�cial wingsareusuallymuchmoreextendedthantheones
in theSPHreconstructions,be it that thecorrespondingdensitylevelshave a much
loweramplitudethantheSPHreconstructions.It is thereforemucheasierfor DTFE
to separatethewingsfrom genuinestructures.

2.2 The � = 2 singular model

Fig. 4 presentstheresultingdensityreconstructionsfor themoreextremepoint dis-
tribution of the � = 2 singularSoneira-PeeblesmodelSPS2.The reconstructions
all clearly reveal thedensityandsizecharacteristicsof the � = 2 SPS2model.The
di� erencesbetweenthe di� erentreconstructionsaremorepronouncedthan in the
caseof the � = 4 SPS1reconstructions.Evidently, theTSCmethodis incapableof
reproducingthesmallscalestructuresin thedensity�eld. Thisis particularlyevident
from therighthandpanelof Fig. 4. This �nest zoom-inontothe� = 2 conglomerate
containsa largenumberof pointsdistributedoverarangeof substructures.TSCpro-
ducesthreefeaturelesscloudsover which the correspondingsamplingpointshave
beendistributed.The threecloudsoccupy a muchlargerareathanthatof theorig-
inal point clouds.More interestingarethedi� erencesbetweentheSPHandDTFE
reconstructions.Their typical artefactsareclearly visible in thedepictedframesin
thesecondandthird row of Fig.4. In theSPHreconstructiongroupsin thepointdis-
tributionsmearoutgentlyinto theirsurroundings,clearlyshowing theimprint of the
(arti�cial) spherical�lter . TheDTFE reconstruction,on theotherhand,canbeseen
to connectdistinctgroupsof pointswith arti�cial low-level wings.This is a resultof
its inability to dealwith regionsof zerodensity. Of particularrelevanceis thecom-
parisonbetweentheSPHandDTFEreconstructionsin the�nest zoom-ins(righthand



12 RienvandeWeygaert& Willem Schaap

column).TheDTFE reconstructionis considerablymoresuccessfulin reproducing
the substructurepresentin the point distribution. Unlike the SPHreconstructionit
managesto detectthesmallsub-clumpsin thepointdistribution.

2.3 The extendedSoneira-Peeblesmodel

A visual comparisonof the di� erentreconstructeddensity�elds shown in Fig. 5
SPE1providesthe sameimpressionsas that obtainedfrom the �gures of singular
Soneira-Peeblesmodelsin �gs 3 and 4. A major di� erenceis that the extended
SoneiraPeeblesmodelhasa muchmorepronouncedappearancethanthe singular
SoneiraPeeblesmodels.This holdstrue for all threemethods,the TSC, SPHand
DTFEdensity�eld reconstructions.

While theSPHandDTFE density�eld reconstructionson thescaleof thecom-
pletebox (lefthandcolumn),doappearto berelatively smallwe canalreadydiscern
the moreblurry natureof the TSC reconstruction.This impressionis con�rmed as
we zoomin on thepatchin thelefthandcorner(centralcolumnof panels).TheTSC
procedureis unableto accuratelydescribethe point distribution at scalessmaller
thanthegrid size.Therich andcomplex structurespresentin thepoint distribution
on this scalehave beensmearedout into featurelessblobs.Thedi� erencesbetween
the SPHandDTFE reconstructionalsostart to becomeapparent.In the DTFE re-
constructionthe arti�cial low-level wings connectingthe di� erentstructuresbegin
to show up, while in the SPHreconstructionsthe smoothandbroadwings at the
outsideof structuresstart to becomevisible. In the �nest zoom(righthandpanels)
thedi� erencesbetweenthereconstructionmethodsstartto dominatetheappearance
of theimages.TheSPHmethodsmearsout thepoint distribution into circularblobs
with no internaldistribution.Thelargerfeaturesgetsmearedout into theirsurround-
ing environmentasis mostapparentthroughthearti�cial wingswhichsmoothlyfall
o� into the background.The DTFE methoddoesmanageto recover all structures
visible in thepoint distribution.At this level, however, alsothearti�cial low-density
wings becomequite prominentandform clearly visible bridgesbetweenthe main
structures.

Althougha visual comparisonbetweenthedi� erentreconstructionsshows that
therearestrongdi� erencesbetweenthereconstructionprocedures,it is not obvious
which reconstructionis the bestrepresentationof the Soneira-Peeblespoint distri-
bution. What is clearthatTSCdoesnot provide a goodrepresentationasit fails to
resolve small-scalestructures.The di� erencesbetweenSPH and DTFE are more
subtleanda morequantitative measureis neededto assessthe performanceof the
di� erentreconstructionprocedures.


