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1 the Soneira-Reeblesmodel

In the late seventiesSoneira& Peebleg1977) (alsoseeSoneira& Peeblesl978)
noticedthatthe obsenedangulargalaxydistribution on the sky displaysself-similar
behavior. They succeedeth reproducinghe mainclusteringstatisticsof this distri-
bution with a simpleanalytic modelwith only a few adjustablegparametersywhich
determinghe compleity anddynamicrangeof theresultingpoint distribution. Be-
causethesepropertiesmay be varied in a predictablefashion,we have usedthe
Soneira-Peeblemodelto testthe performanceof the DTFE with respectto point
distributionswith a similardynamicrangeasthe obseredgalaxydistributiononthe
sky.

In essencethe Soneira-Peeblasiodel consistsof a recipeto distribute a given
numberof points. The startingpoint is a level-0 sphereof radiusR. In this sphere

level-1 spheresreplacedwith radiusR= and > 1. Thenew spheresareplaced
at a randompositioninsidethe level-0 circle, suchthattheir centersfall insidethe
original level-0 sphere Within eachof these level-1 spherespneplaces level-
2 spheref radiusR= 2. This processs repeateduntil one endsup with in total

L level-L spheresf radiusR= 1. At the centerof eachof theselevel-L spheresa
pointis placed.Onethereforeendsup with in total “ points,whichin the Soneira-
Peeblesnodelrepresengalaxies We will referto this procedureup to this pointas
thesingular Soneia-Peeblesnodel This proceduras illustratedin the top panelof
Fig. 1.

The Soneira-Peeblasodelis controlledthroughthreeparameters,, L and .
Thee ectof varyingtheseparametersntheresultingpointdistributionisillustrated
in the 2nd to 4th row of Fig. 1. For a given numberof points, determineshe
dynamicrangeof theresultingpointdistribution. For asmallvalueof , mary levels
areneededo reacha x ed numberof points,while a large valueof resultsin a
smallernumberof levels.A smallvalueof alsoresultsin asmaller lling fraction
of spacewith sphereghana highvalueof (2ndrow in Fig. 1). L denoteghetotal
numberof levels andthereforedetermineghe rangeof densitiesand scalesin the
resultingpointdistribution. For a x edvalueof , L alsodetermineshetotalnumber
of points(third row in Fig. 1). Finally, for givenvaluesof andL, determineshe
rangeof spatialscalesA valueof closeto 1 meansthat subsequenspheresf
higherlevels are of comparablesize.Valuesof muchlarger than one meanthat
eachsubsequentevel consistsof spheresvhich are signi cantly smallerthanthe
spheresn theprecedindevel (bottomrow in Fig. 1).

An importantpropertyof the Soneira-Peeblemodelis thatit is oneof the few
analyticself-similarmodelsof the galaxydistribution for which thetwo-pointcorre-
lation functioncanbe analyticallyevaluatedln M dimensionst is givenby

)y r; 1)

with I R
=M oq for — <r<R: (2)
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Fig. 1. The Soneira-Peeblemodel.Inside a level-0 sphere level-1 circlesare placedwith
a radiuswhich is smallerby a x ed factor This processs repeateduntil one endsup with

L level-L circles.At the centerof theselevel-L circles “ pointsareplaced which form the
resultingSoneira-Peeblgmoint distribution.

Theparameters and maybe chosensuchthatthe two-pointcorrelationfunction
of the resultingpoint distribution matcheghe two-point correlationfunction of the
obsenredgalaxydistribution.

From Fig. 1 it may be appreciatedhat the Soneira-Peeblesiodelinvolves a
hierarchyof structuref varyingdensitiesandcharacteristiscaleswith the higher
level sphere<orrespondindgo high-densitystructuresof small scaleandthe lower
level spheresorrespondingo low-densitystructuresf larger scale As eachof the
spheregs constructedn the sameway, theresultingpoint distributionis self-similar
andformsaboundedractal. Thefractalgeometryof apointsetis oftencharacterized
by thefractaldimensionD, whichis de ned as

logN(r) .

o log(1=r) ®)

HereN(r) is thenumberof non-emptycellsin apartitionof constantell sizer. If the
Soneira-Peeblarodelwould containanin nite amountof levels,theresultingpoint
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Fig. 2. Thephysicalmeaningof thethreede ning parameters, L and of theSoneira-Peebles
model. Theupperrow shavs thee ectof varying , thenumberof circleswhichis placedin
eachcircle. The centralrow shavs the e ectof varying L, the total numberof levels. The
bottomrow shavsthee ectof varying , theratio of theradiusof eachcircle with theradius
of subsequentirclesof onelevel higher
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distribution would have fractaldimensionD = (log )<log ) (wereferthereadetto
Martinezetal. (1990)for anextensive descriptiorof thefractal-like propertieof the
Soneira-Peeblasnodel.

Theoriginal Soneira-Peeblanodel,which herewe will referto asthe extended
Soneia-Peeblesmode]| consistedof the superpositiorof several singularSoneira-
Peeblesnodelswith di erentvaluesfor , andL. Therangesf valuesusedfor |,

andL werechosersuchthatthe resultingpoint distribution resembledhe galaxy
distributionin theLick surwey andsimultaneouslyheobsenedtwo- andthree-point
correlationfunctions.Subsequenthabsolutemagnitudesvereassignedo thepoints
accordingto a particularluminosity distribution suchthat the apparenimagnitude
distribution of the projectedpoint distribution resembledhatof the projectedappar
entmagnitudedistribution of the galaxiesn the Lick surwey.

Table 1. Overview of anumberof relevantpropertieofthe = 2and = 4 singularSoneira-
Peeblesnodelrealizations R, denoteghe radiusof the level-L circles.The lling factoris
thefraction of spaceoccupiedby the level-L circles.hdi denoteshe meandistancebetween
nearesheighborsThe peakdensityis de ned astheinverseof the areaof thelevel-L circles.

realizationl realization2
4 2
1:90 1:.75
L 8 14
#points 65536 16384
R 29 10°3 2.0 104
lling factor 0:41 16 10°
hdi 1:2 108 25 104
peakdensity 37 10° 81 10
fractaldimensionD 2:2 1.2

1.1 Realizations: Singular Soneira-Reeblesmodel

A numberof di erentsingularSoneira-Peeblemodelpoint distributionsin two di-
mensiongM = 2) wereconstructedAs an illustration we describetwo particular
realizationsRealizationsSPS1is characterizethy the parameteset =4, =19
andL = 8. The total realizationcontains65536 points. The secondset, SPS2,is
speci ed by theparameters = 2, = 1:75andL = 14,yielding a distribution of
in total 16384 points.In bothrealizationghe pointshave beenplacedin a box with
periodicboundaryconditions.The radiusof theinitial circle, in units of boxsize,is
R = 0:5.In Tablel we have listed somerelevantquantitiesof thesetwo realizations.
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Theresultingpoint distributionsareshown in the top left-handframesof Fig. 3
and4. The subsequenframesin the top row zoomin on a particularsmallerscale
structurein the point distribution. The gures clearlyshav thedi erencedbetween
therealizationsSPS1andSPS2 Thetwo modelshaveaverydi erentvisualappear
ance.This canbe mainly understoodn termsof their di erent lling factors,the
fraction of spaceoccupiedby the highestlevel circles.For the SPS1 = 4 model
this is morethantwo ordersof magnituddargerthanthatof the SPS2 = 2 model
(seeTablel).

Thetwo realizationsalsohaveaverydi erentfractaldimensionD = 2:2 for the
SPS1 = 4 modelandD = 1:2 for the SPS2 = 2 model.lt is indicative of the
moreextremefractal distribution representedy the latter Eventhethis distribution
containsonly a fourth of the numberof pointsin the = 4 SPS1realization(see
Table1l) it containsstructuresof a muchlarger dynamicrange bothin densityand
in size,thanthe SPS1model. The highestlevel circle hasradiusR. = 2:0 10 4,
resultingin a peakdensity (de ned asthe inverseareaof this circle) of 8:1 107
pointspervolumeunit, morethantwo ordersof magnituddargerthaninthe =4
model.As anexampleof thisin thethird columnwe zoomin on a patchin the SPS2

= 2 modelwith mary more pointsthanthe equivalentregionin the SPS = 4
model (1024 vs. 297). 1t is a resultof the clusteringof pointsin sucha way that
prominentstructuresandfeaturescanbe discernedver a largerrangeof scalesand
levels. The contrastin the spatialpoint distribution of the SPS1 = 4 realization
is clearly of a considerabliower level. On the other hand,the spatialdistribution
of thelatteris characterizedby alargerrangein scalefrom level to level dueto the
highervalueof .

1.2 Realizations: Extended Soneira-Peeblesnodel

In theextendedSoneira-PeeblanodelseveralsingularSoneira-Peeblanodelpoint
distributions are superposean top of eachother Soneira& Peebleg1978) have
shown thatfor certainchoicesf theparameters, andL for thecomposingsingular
Soneira-Peeblanodelsboththeangulargalaxydistribution asobsenedin the Lick
suney andthe obsened angulartwo- andthree-pointcorrelationfunctionsmay be
reproduced.

Superposingariousdi erentsingularSoneira-Peeblegalizationsgachwith a
di erentself-similarbehaior anddynamicrange produces highly comple< spatial
point distribution containingstructuresandfeaturesover a largerangeof scalesand
with highly varyingdensitiesWe have constructed pointdistribution SPE 1follow-
ing this recipe.We have added30 singularSoneira-Peeble®alizationswith = 2
and = 1:75andwith L varyingbetween7 and16. Theresultingpoint distribution
consistof 111936pointsandis shavn in thetop left frameof Fig. 5.
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Fig. 3. SingularSoneira-Peeblesodelwith with = 4, = 1.9 andL = 8. Top row: full
point distribution (left-handframe)and zoom-insfocusingon a particularstructure(central
andright-handframes).Rows 2 to 4: correspondinglensity eld reconstructiongroduced
usingthe TSC,SPHandDTFE methods.
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Fig. 4. SingularSoneira-Peeblesodelwith = 2, = L:75andL = 14. Top row: full
point distribution (left-handframe)and zoom-insfocusingon a particularstructure(central
andright-handframes).Rows 2 to 4: correspondinglensity eld reconstructionproduced

usingthe TSC,SPHandDTFE methods.
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Fig. 5. ExtendedSoneira-Peeblasodel.Top row: full pointdistribution (left-handframe)and
zoom-insfocusingon a featurewith interestingsubstructurgcentralandright-handframe).
Rows 2 to 4: correspondinglensity eld reconstructionproducedusingthe TSC, SPHand
DTFE methods.
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2 Density Field Reconstructions

We have reconstructedhe density elds which correspondothe =4, =2and
extendedmodel point distribution realizationsshavn in the top column of Fig. 3,

Fig. 4 and Fig. 5 by meansof a x ed, grid-basedTSC reconstructiorprocedure,
an adaptve SPH-like reconstructiorprescriptionand the DTFE procedure Gray-
scaleimagesof the correspondinglensity eld reconstructionareshavn in Fig. 3,

Fig. 4 andFig. 5: the 2nd columndepictsthe TSC density eld reconstructionthe
third columnthe SPH density eld reconstructionand the 4th columnthe DTFE

eld reconstructionln eachcasethe lefthand column corresponddo the density
distribution in the full box, while the next two columnsdepictthe density eld in

successie zoom-ins.Thesehave beenselectedaccordingto whetherthey contain
interestingfeatures.

2.1 The = 4singular model

First considerthe lessextremecaseof the = 4 SPS1model,shovn in Fig. 3. The
highestlevel circle hasradiusR. = 2:9 10 3, resultingin a peakdensity(de ned
astheinverseareaof this circle) of 3:7 10° pointspervolumeunit, morethantwo
ordersof magnituddowerthanin the = 2 SPS2model.Wheninspectinghe com-
pletebox (left-handcolumn)the reconstructionsf thedi erentmethodsappearo
be qualitatively similar. The TSC reconstructiorseemssomavhatmoreblurry than
the SPHand DTFE reconstructionsthe TSC density eld shaws lesscontrastbe-
tweenlow andhigh densitystructuresAlso, structuresippearo be somevhatmore
extended.On this scalethe di erencebetweenthe SPHand DTFE reconstructions
is very small. Theonly noticeabledi erences thatthe DTFE reconstructiorhave a
somavhatcrispierappearance.

Thedi erencedetweerthevariousmethoddecomeanoreapparentvhenzoom-
ing in on particularpatchesn the density eld reconstructionsascanbeclearlyap-
preciatedrom the centralandrighthandcolumnsof Fig. 3. Goingfrom TSCto SPH
to DTFE structuresare betterresoled and are characterizedy a higher contrast.
Structuresn the TSCdensity eld reconstructionsremoreblurry thantheir coun-
terpartsn the SPHreconstructionsyhile thelatteragainaresomevhatblurrier than
thecorrespondindeaturesn the DTFE reconstructions.

Thesedi erencedn visual appearancean be directly relatedto the e ective
smoothingkernelscorrespondingo thereconstructioomethodsThe TSCprocedure
is baseduponthe useof a x edandrigid grid. The methodis thereforeunableto
tracelocalvariationsin thenumberdensityof thepointdistributiononscalesmaller
thanthe grid scale.This meansthat structuressmallerthan the size of a grid cell
are unresohed and smearecdut over the extent of at leastonegrid cell. The SPH
kerneladjustsitself to variationsin the samplingdensity with a kernelsizede ned
suchthat it always constainsa certainamountof samplepoints. This numberis
usuallyin therangeof afew dozenpoints.However, the SPHkernelis lesssensitve
to the con guration of the local point distribution thanthe DTFE kernel.lts shape
is userde ned and x ed, in most casesspherical,and do not adjustto the local
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point distribution. As a resultthe SPH kernelsperform lessthan optimal when it
encountergypical anisotropicfeaturesor sharptransitionregionsbetweendistinct
morphologicafeaturesThee ective DTFEkernelnotonly adjuststselfto thelocal
numberdensity of samplepoints, with on averagethe leastnumberof neighbour
points,but alsoto the local variationsin the geometryof the point distributions: it
manageso traceelongatedlamentary features,attenedfeatures|argelow-density
regionsor extremely compacthigh-densityfeaturesautomaticallyand without the
needto specifya priori their shape.

In all reconstructionartefactsrelatedto thecharacteristigeometryof thee ec-
tive smoothingkernelsarevisible. In the caseof the TSC procedureherigid geom-
etry of the TSCgrid producesnaximawhichlie atthe centersof grid cells. TheSPH
kernel,ontheotherhand,producesartefactsatthetransitionregionsbetweerdi er-
entstructuresasit tendsto preferentiallysamplefrom only oneof the surrounding
structuresusually the densesbne, and subsequentlynterpolatesaccordingto the
userde ned kernelshapeinsteadof onede ned by the local geometry As aresult
it producesarti cial wingswhichfall o smoothlytowardsthe backgroundrender
ing acorrectionfor thearti cial wingsverydi cult. Also the DTFE reconstructions
containarti cial wingsatthe outskirtsof structuresThesewingshave a distincttri-
angularshapeThey areparticularlyprominentat siteswherethe densitydropsvery
quickly to (almost)zero,yielding Delaunaytriangleswhich suddenlybecomevery
extendedWhile thesearti cial wingsareusuallymuchmoreextendedhantheones
in the SPHreconstructionshe it thatthe correspondinglensitylevels have a much
lower amplitudethanthe SPHreconstructiondt is thereforemucheasierfor DTFE
to separatéhewingsfrom genuinestructures.

2.2 The = 2singular model

Fig. 4 presentghe resultingdensityreconstruction$or the moreextremepoint dis-
tribution of the = 2 singularSoneira-Peeblesiodel SPS2.The reconstructions
all clearlyrevealthe densityandsizecharacteristicef the = 2 SPS2model.The
di erencedetweenthe di erentreconstructionsre more pronouncedhanin the
caseof the = 4 SPSlreconstructionsEvidently the TSC methodis incapableof
reproducinghesmallscalestructuresn thedensity eld. Thisis particularlyevident
from therighthandpanelof Fig. 4. This nest zoom-inontothe = 2 conglomerate
containsalargenumberof pointsdistributedoverarangeof substructuresI SCpro-
ducesthreefeaturelesgloudsover which the correspondingsamplingpoints have
beendistributed. The threecloudsoccupy a muchlarger areathanthat of the orig-
inal point clouds.More interestingarethe di erencedetweenthe SPHandDTFE
reconstructionsTheir typical artefactsare clearly visible in the depictedframesin
thesecondandthird row of Fig. 4. In the SPHreconstructiormgroupsin the pointdis-
tribution smearout gentlyinto their surroundingsglearlyshoving theimprint of the
(arti cial) sphericallter. The DTFE reconstructionpn the otherhand,canbe seen
to connecdistinctgroupsof pointswith arti cial low-level wings.Thisis aresultof
its inability to dealwith regionsof zerodensity Of particularrelevanceis the com-
parisornbetweertheSPHandDTFE reconstructions the nest zoom-ins(righthand
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column).The DTFE reconstructions considerablymore successfuin reproducing
the substructurgresentin the point distribution. Unlike the SPH reconstructiorit
manageso detectthe small sub-clumpsn the pointdistribution.

2.3 The extendedSoneira-Reeblesmodel

A visual comparisorof the di erentreconstructediensity elds showvn in Fig. 5
SPE1providesthe sameimpressionsas that obtainedfrom the gures of singular
Soneira-Peeblesiodelsin gs 3 and 4. A majordi erenceis that the extended
SoneiraPeeblesnodelhasa muchmore pronouncedappearancéhanthe singular
SoneiraPeeblesnodels.This holdstrue for all threemethodsthe TSC, SPHand
DTFEdensity eld reconstructions.

While the SPHandDTFE density eld reconstruction®n the scaleof the com-
pletebox (lefthandcolumn),do appeato berelatively smallwe canalreadydiscern
the moreblurry natureof the TSCreconstructionThis impressionis con rmed as
we zoomin onthe patchin thelefthandcorner(centralcolumnof panels) TheTSC
procedureis unableto accuratelydescribethe point distribution at scalessmaller
thanthe grid size. Therich andcomplex structuregpresentn the point distribution
onthis scalehave beensmearedutinto featurelesblobs.Thedi erencedbetween
the SPHand DTFE reconstructioralso startto becomeapparentln the DTFE re-
constructiorthe arti cial low-level wings connectingthe di erentstructuresegin
to shawv up, while in the SPH reconstructionshe smoothand broadwings at the
outsideof structuresstartto becomevisible. In the nest zoom (righthandpanels)
thedi erencedetweerthereconstructioomethodsstartto dominatetheappearance
of theimages.The SPHmethodsmearsut the point distribution into circular blobs
with nointernaldistribution. Thelargerfeatureggetsmeareautinto their surround-
ing ervironmentasis mostapparenthroughthearti cial wingswhich smoothlyfall
0 into the backgroundThe DTFE methoddoesmanageto recover all structures
visible in the point distribution. At this level, however, alsothearti cial low-density
wings becomequite prominentandform clearly visible bridgesbetweenthe main
structures.

Although a visual comparisorbetweenthe di erentreconstructionshows that
therearestrongdi erencedetweerthereconstructioproceduresit is notobvious
which reconstructionis the bestrepresentatiof the Soneira-Peeblegoint distri-
bution. Whatis clearthat TSC doesnot provide a goodrepresentatiomsit fails to
resolhe small-scalestructures.The di erencesetweenSPHand DTFE are more
subtleanda more quantitatve measurds neededo assesshe performanceof the
di erentreconstructiomprocedures.



