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h[n] BIBO stable 

The ROC includes the Unit Circle



Digital Signal Processing, © 2010 Robi Polikar, Rowan University

Stability & ROC 

In terms of Zeros & Poles

 Recall that for a system to be causal, its impulse response must satisfy h[n]=0, n<0, 

that is for a causal system, the impulse response is right sided. Based on this, and 

our previous observations, we can make the following important conclusions:

 The ROC of a causal system extends outside of the outermost pole circle

 The ROC of an anticausal system (whose h[n] is purely left-sided) lies inside of the 

innermost pole circle

 The ROC of a noncausal system (whose h[n] two-sided) is bounded by two different 

pole circles

 Now, for an LTI system to be stable it must be absolutely summable, or in other 

words, it must have a DTFT. But for a system to have a DTFT, its ROC must 

include the unit circle.  An LTI system is stable, if and only if the ROC of its 

transfer function H(z) includes the unit circle! 

 Furthermore, a causal system’s ROC lies outside of a pole circle. If that system is 

also stable, its ROC must include unit circle Then a causal system is stable, if and 

only if, all poles are inside the unit circle! Similarly, an anticausal system is stable, if 

and only if its poles lie outside the unit circle.

• An FIR filter is always stable, why?

http://engineering.rowan.edu/
http://users.rowan.edu/~polikar/RESEARCH


   



   



Partial Fractional Expansion
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The rational z-transform can be 
written as a ratio of polynomials

which is equivalent to:

to solve this we need to rewrite this expression a bit more in the form 
of functions which are Z-transforms of known basis functions



Partial Fractional Expansion
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If M < N and the poles are all 1st

order then H(z) can be written as:

and the coefficients can be found via:

write this expansion in factorial form:

with zeros at ci and poles at di
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Partial Fractional Expansion

Example 1: 1 2 1 13 3 1 1
4 8 4 2

1 1( )
(1 ) (1 )(1 )

H z
z z z z− − − −= =

− + − −
| z | > 1/2

1 2
1 11 1

4 2

( )
(1 ) (1 )

A AH z
z z− −= +

− −
this can be written as:

with:
1 1
4 2

1 11 1
4 2

1 21 1 1 11 1 1 1
4 2 4 2

1 11; 2
(1 )(1 ) (1 )(1 )

z z

z zA A
z z z z
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− − − −
= =

− −
= = − = =
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so: 1 11 1
4 2

1 2( )
(1 ) (1 )

H z
z z− −

−
= +

− −
h[n] is causal 

( ) ( )1 1
2 4[ ] 2 [ ] [ ]n nh n n nμ μ= −



Partial Fractional Expansion

if M ≥ N a polynomial must 
be added of order M – N :

values of Bk are obtained by 
long division of the numerator 
of H(z) by the denominator.
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in the case of multiple poles of order s at z = di while all 
other poles are simple another term is required:



Partial Fractional Expansion

the coefficients Cm can be determined by taking derivatives and 
evaluating the function at the poles:

1
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if there are more multiple-order poles then there will be an additional 
term for each multiple-order pole:
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Partial Fractional Expansion
2 1 2 1 2

2 1 2 1 13 1 1
2 2 2

2 4 2 1 2 (1 )( )
2 3 1 1 (1 )(1 )
z z z z zH z
z z z z z z

− − −

− − − −

+ + + + +
= = =

− + − + − −

| z | > 11 2
0 1 11

2

( )
(1 ) (1 )

A AH z B
z z− −= + +

− −

As the numerator is the same 
order as the denominator we 
need to write H(z) as:

Example 2:

we first need to determine Bo and a residual expression with a lower 
order numerator by dividing the denominator into the numerator

1 2 1

0 1 2 1 23 31 1
2 2 2 2

1 2 5 12
(1 ) (1 )

z z zB
z z z z

− − −

− − − −

⎡ ⎤− + −
= + = + ⎢ ⎥− + − +⎣ ⎦



Partial Fractional Expansion

the next step is to further solve the second term:

and solve for A1 and A2:
1
2

1
11

1 21 11
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so: 1 11
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h[n] is causal ( )1
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