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Abstract— Radio Interferometry is an essential method [7]) that increase the collecting area and hence the seibsiti
for astronomical observations. Self-calibration technigies have enabling new scientific research. However, this also irsgea
increased the quality of the radio astronomical observatias (and the parameter space that needs to be calibrated and heece, th
hence the science) by orders of magnitude. Recently, thers a . . . . . !
drive towards sensor arrays built using inexpensive hardwee required compgtatlonal cost. A _deta'led analysis Qf catibn
and distributed over a wide area acting as radio interferoméers. Of LOFAR, which can be considered as a pathfinder for the
Calibration of such arrays poses new problems in terms of com next generation interferometric arrays, can be found if.[15
putational cost as well as in performance of existing calibation  Although in [15], limitations (such as the Cramer Rao bound)
algorithms. We consider the application of the Space Alterating of existing calibration techniques are defined, there ielit

Generalized Expectation Maximization (SAGE) [1] algorithm for K existi . ina th tati | t th
calibration of radio interferometric arrays. Application to real WOrK: existing on improving the computational cost or the

data shows that this is an improvement over existing calibrdon ~ Speed of convergence of such techniques.
algorithms that are based on direct, deterministic non linar This paper describes the application of the Expectation

optimization. As presented in this paper, we can improve the Maximization [8] (EM) algorithm for radio interferometric
computational cost as well as the quality of the calibrationusing  4ipration. The EM algorithm was first presented as a smiuti
this algorithm. to maximum likelihood estimation when the complete data
is not observed. Since then, EM type algorithms have been
widely used as an iterative method for ML estimation, with
~ Radio synthesis arrays have greatly benefited by self @alibgjther faster convergence or reduced computational coet. T
tion techniques invented during the last 30 years. Calimat essential property of the EM algorithm is that the likelidoo
refers to estimation of errors introduced by the instrumepgp, only increase in each iteration. The SAGE algorithm
(and also the propagation path, such as the ionosphefg)s presented to improve the plain EM algorithm in terms
and correction for such errors, before any imaging is dong: speed of convergence and has been successfully applied
At the beginning of radio astronomy, calibration was dong diverse signal processing applications, such as medical
by observing a known celestial object (called the externﬁﬂl]aging [9], communications systems [10], etc. In conttast
calibrator), in addition to the part of the sky being obsdrve[15]’ in this paper we focus on finding algorithms that improv
This was improved by self-calibration, which is essenfiallipe computational cost and quality of calibration. Natyral
using the observed sky itself for the calibration. Therefori, order to improve the performance of the ML estimation,
self calibration entail considering both the sky as welltes t\ye choose the EM algorithm, and in particular the SAGE
instrument as unknowns. Nevertheless, by iteratively irefin algorithm. Therein lies the novelty of this paper.
the sky and the instrument model, the quality of the calibrat  Notation Lower case bold letters refer to column vectors
was improved py orders of magnitude in comparison to usiqg_g_ y). Upper case bold letters refer to matrices (2.
an external calibrator. _ ___ Unless otherwise stated, all parameters are complex nsmber
From a signal processing perspective, calibration is efne matrix inverse, transpose, Hermitian transpose, and co
sentially the Maximum Likelihood (ML) estimation of thejugation are referred to &)=, ()7, ()¥, (.)*, respectively.
instrument and sky parameters using a non linear optinoizatithe matrix Kronecker product is given by. The statistical
technique such as the Levenberg Marquardt [2],[3] (LM) alg@xpectation operator is given @{.}. The vectorized repre-
rithm. An in depth overview of existing calibration techo@ sentation of a matrix is given byec(.). The diagonal matrix
are given in [4],[5]. However, with such techniques, we havigonsisting of only the diagonal entries of a square matrix
reached a limit in sensitivity that can be achieved usinggme g given by diag(.). The identity matrix is given byl. The
radio interferometers. This is because the achievablétséys kronecker delta function is given by;,;. Real and complex
is limited by the receiver collecting area itself. Moreaweith  n mbers are represented Rsand C, respectively. Estimated

finite computational cost, there is a bound in the perforreang, ameters are denoted by a Hal, All logarithms are to the
of existing algorithms. Therefore, there is a drive towar

building large, distributed, sensor arrays (SKA[6], LOFAR

I. INTRODUCTION

Il. DATA MODEL
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data model in particular, [12],[13]. A more signal procegsi  Note that in (2), the noise matriN = 0 for p # ¢ if the
oriented description is given in [4],[15]. noise at each receiver is uncorrelated. However in prattise
We consider the radio frequency sky to be composed dbes not hold for the following reasons:

discrete sources, far away from the earth such that the ap; The integration time at the correlator has to be finite in
proaching radiation from each one of them appears to be plane order not to decorrelate the signal from the sources (or the
waves. Let the plane wave from tixh source be decomposed  sky). Hence there is always some receiver noise appearing
to two orthogonal polarization directions; = [ug; uy:]”. even in the cross correlations  q.
The interferometric array consists of receiving elements or , The assumption that the sky is composed of a set of
stations. At thQ?-th station, this plane wave causes an induced discrete sources is valid On|y up to a certain intensity
voltage, which is dependent on the beam attenuation as well |evel. There is low level diffused radiation from the sky,
as the radio frequency receiver chain attenuation. Noymall  \which appear especially in short baseline visibilities.
each station has dual polarized feeds. So the induced esltag , We select onlyk brightest sources in our data model.
at thex andy feeds,v,; = [vap; vyp]" due to source are However, the multitude of fainter sources that are ignored
given as in (1). in (2) contribute to the noise.

Vpi = Jpitti () The vectorized form of (2)y,, = vec(V,,) can be written
In (1), the complex interaction of the approaching radiaticas in (3) wheren,,; = vec(N).
with the station beam shape as well as the remaining signal
path is represented by tlieby 2 Jones matrixJ,;. If there ZJ ) @ Jpi(8)vec(C;) + ny, ©)
are K such sources, the total signal will be a superposition of

K such signals as in (1). Moreover, the receiver naise: Ignoring the autocorrelations whepe= ¢, stacking up all

[v. v,]T is also added to this signal. cross correlations a T T T T
= [vi, vi,.. ... , Yy €
The signal of thep-th station is correlated with the signals CM . we get (4) § = [viz vi V(N—l)N] y

of the otherN — 1 receivers at the correlator. Before this is K
d_one,_ each signal is gl\_/en a delay correction dependl_nge)n th y = Z si(6) +n (4)
direction on the sky being observed and also depending on the =

ab'i?Iute posmo.n of the receiver on f[he earth. . The size ofy, M, in (4) is at mos2 N (N — 1) provided all
ter correlation, the correlated signal of theth station 4 ;

. s — cross correlations are used. Typically, the number of param
and theg-th station (named as thésibilities [12]), V,, = ; : ional ta’ . So for | W and
E{vva} is given by (2). tersin@, P, is proportional t - So for large enough’ an

small enoughk’, we have enough constraints to estiméte

The non-linear functions;(8) correspond to the contribution

ZJpz )CiJgi(0) + N, p,ge[l,....,N] (2) of each source to the observation. In previous formulations

of the same problem, [15],[16], the noisehas been ignored
This is the full matrix measurement equation, developdmtcause only the cross correlations are used. However, we
in [12]. In (2), J,:(@) and J,; (@) are the Jones matricesstress that in our formulation, we consideto be a Gaussian
describing the electromagnetic and electronic interaaiidthe random variable with zero mean and covariabEd M x M
plane wave of sourcewith stationsp andq, respectively. The matrix), i.e.,n ~ N (0, IT).
parameter vectof € CP describes the unknown instrument Note that (4) is a superposition & non linear signals, with
model. The2 by 2 noise matrix is given alN. We can only unknown parameters, which is exactly the problem constere
arrive at (2) because the radiation emitted by the sourcesiin[17]. The present calibration schemes estimétas the
the sky are uncorrelated. Tleeherency12], C; describes the least squared error estimate, typically using a gradieseda

intrinsic polarized radiation of théth source. optimization algorithm like LM algorithm.
The instrumental properties (such as the beamshape, low %
noise amplifier gain, system frequency response etc.) and 0 — arg min||nysi(0)H2 (5)

the path properties (such as tropospheric and ionospheric
distortion etc.) are described by the Jones matrige&) and X
J,:(6) in (2). Calibration is essentially finding the parameter the cost function isp(6) = [ly — 3=, s:(0)|1%, at thek-th

9 (P complex valued parameters BP real values parame- iteration, we estimate

ter_s). There are numerous ways to parametrlz_e these unlsnown pgr+1 _ gk (VQV ®(0) + AH)_1V0¢(0)|0k (6)
using the parameter sét For a more specialized treatment

of the parametrization as well as factoring the Jones neatric In (6), Vg is the gradient with respect t8 and X is a

the reader is referred to [14]. regularization parameter. The matlik = diag(V0V5¢(0))

To a lesser extent, the source informati@} is also is the diagonal of the Hessian matrix. Given suitable ihitia
unknown. However, at the initial stage, we can use priealues, (6) should converge to the global optimum. However,
information about the source or sky properties obtained §) suffers from the same set of problems faced with any
previous observations. non linear optimization problem, i.e., convergence to loca

=1



minima, slow convergence and heavy computational cost. Bn SAGE Algorithm

the n_ext section we shall investigate the application ofghe Next, we investigate the application of the SAGE algorithm
algorithm to overcome some of these problems. to our problem. As before we need to find a complete data
space (or a hidden data space as defined in [1]). Similar to
[1], we select the hidden data space as in (12).

In this section, we first proceed to apply the EM algorithm
to (4), in a similar way as done in [17]. We do this before x* =si(6;) +n (12)
applying the SAGE algorithm to clarify the presentation.  This gives the observed dagaas in (13).

Ill. THE EM AND SAGE ALGORITHMS

A. EM Algorithm us
g _ _ o _ y=x+ > s(6) (13)
The key step in applying the EM algorithm is to define a I=1,1%i

complete data set from Fhe observed daty._ The obvious Of\l{)te that in (12) and (13), we have selected the index set [1],
choice would be to associate each source with a complete 8% be thei-th source. Moreover, we have associated all the

x = [xT x%...%L]7, with h componen in (7),7 > ! i .
spacex = [x] X5...X]", with each component as in ( )’n0|se tox®, unlike in the classic EM algorithm. Once again,

K =
such thaty =3, %i. we arrive at the following EM scheme:
%; = s:(0;) + 1y, 7) SAGE E StepWe find the conditional mean ok® =
E{x5|y,0"}.
Note that in (7), we have assumed the contribution of the x
i-th source depends only on a subset of parameétgrsot 25 — «.(pk _ By _ o k
the full set of parameter8. In other words, we partition the X7 =sil0) + (v Zsl(el )=y Z s(6r) (14)
parameter space t& components a# = [#7 0% ...6%]".
This is justified because each source is at a unique directioSAGE M StepFor thek+1-th iteration 0" that minimizes
on the sky. Even though the signal path for a given statidhe costgg(8X™!) = ||x5 — s;(8™1)||2. This is similar to
is common for all sources, the different directions and th@1). As before, we iterate frorh = 1 to an upper limit. At
rotation of the sky makes this assumption justifiable. Thisao each iteration, we change the index Se¢b update all or some
contributionn; is such that the total noise is decomposed intsources.
K noise sources. Note that instead of partitioning per source, we could also
K K perform the partitioning to include more than one sourcés Th
n— Z i, E{ﬁiﬁf} = Bi0,,11, Z B;=1 (8) Wouldbe betterif some sources are closer in the sky and hence
| | share some parameters.

1=1 1=1,1#0

The B;s form an affine combination and we are free t€. Computational Cost
choose them. Typically, we can associate stronger sountes W The computational cost of direct estimation using (6) and
lower noise, hence low;. Given the complete date, we get the EM algorithmic approach can be compared as follows.
the observed data as in (9) whegeis a block matrix with golving (6) (without calculating the inverse) involves the
K identity matrices. solution of a linear system of ordéf N. So the computational
_ _ cost of the direct approach &((K N)?). On the other hand,
y=[IT .. Tx=Gx ©) the computational cost of solving (114 times, isK O(N?).

Having this setup, it is rather straightforward to apply théhus, we gain a factorx” by using the EM algorithm.
EM algorithm to our problem as in [17]. Furthermore, we can increase this gain if the convergence of

E Step We find the conditional mean &f; = E{x,|y,6"}. the EM approach is faster (fewer iterations).

Taking into account thag andx are jointly Gaussian, we get Comparison With "Peeling”
~ . K . As described in [15] in detailPeelingis the conversion
x; =si(07) + Bily — ) _siu(67)) (10) of the K source model in (4) to a series of single source

=1 calibration problems, exploiting the temporal diversityedto
M Step For the k + 1-th iteration, we find6**! that th_e rota’_[ion of the ear'Fh. The steps takenPeeling can be
minimizes the costy,(6*) = ||x; — s;(65*1)||2, given by: briefly given as follows:
» Out of sources; € [1, K], select the strongest source
07 = 07— (Vg Vi 6:(0:)+ H,) ' Vg ¢,(6:)|gr (11) (sayi = q).

! « Optionally, subtract the contributions of the remaining
whereH; = diag(Veivgid)i(Bi)). We repeat the above two sources from (4), using an approximate a priori instru-
steps starting from iteratioh = 1 until convergence or an ment model.
upper limit has reached. At each iteration, we update eachs Multiply (4) by a diagonal matriXt' such that the;-th
source, sa goes froml to K. source is at the phase center. The maRixs computed



for given time and the absolute position of th¢h source  Using (18), we get the Akaike'’s Information Criterion as

in the sky. (19). We selectk that gives the minimum value for (19).
« Provided that the remaining sources are weak enough, o1 (a
over a finite time interval, the contribution of those AIC(K) = —2L(6) +2(2P) (19)
sources in (4) are averaged out, while the contribution V. NUMERICAL EXAMPLE
of the ¢-th source remains constant. We consider the calibration of some data obtained by the

« Ignore the contribution from the other sourcés€ | OFAR test core station (CS1). This has= 16 dipoles (with
[1,K],i # g in (4) and solve for the parameters of thejual polarization) acting as an interferometric arrayc8ieach
g-th source. Subtract this from (4). Now, we hakle—-1  station is a single dipole, there is no beamforming and thus
sources left and we repeat the whole procedure. the whole sky (hemisphere) is observed. In this setting, the
As seen from above, the application of the proposed awo brightest sources are Cassiopeia A (CasA) and Cygnus A
gorithm does not rely on the weaker sources being averad€ygA), with intensities about 20000 Jy each at 50 MHz. The
out. Moreover, the proposed algorithm does not require abservation lasts for 24 hours. The correlator integratiioe
a priori instrument model. When we have equally stronig 30 sec. During the observation, the positions of the ssurc
sources,Peeling might not work satisfactorily compared to(azimuth and elevation) vary as shown on Fig. (1).
the proposed algorithm. Since both CasA and CygA are equally bright, traditional
algorithms such as peeling [15] will not work satisfactgras
described in section IlI-D. So we have a model with= 2

So far in our analysis, we have assumed the number inf(4). Note that as seen on Fig. (1), CygA goes very close
sources,K, in (2), is known a priori. To some extent, thisto the horizon at one point. Around this time, the contribati
is true, given prior observational data and receiver noi®m CygA is almost negligible due to the attenuation by the
characteristics. It is straightforward to find sources that dipole beam. So, instead of usitg = 2, we should be using
has sufficient SNR given the aforementioned informatio = 1. However, in this example, we only consider the data
However, in situations where the receiver antenna beareshaghere both CasA and CygA are high in elevation (about 18
varies with time due to earth rotation (as in LOFAR), thi®iours). Future work will address using e.g., (19) to detaami
is hard to predict (e.g. some sources might go close to, tiis.
even below, the horizon). In this situation without a priori
knowledge, we could use information theoretic criteria talfi
the optimal K for a given observation. In this section, we 100¢
describe the use of Akaike’s Information Criterion (AICB]1
for this purpose. There are also alternative criteria, see f
instance [19] for more information.

From (4), the likelihood ofy is given by (15). -200

IV. STATISTICAL MODEL ORDER SELECTION

Azimuth/deg
o

-1001

exp(—(y=)_s(O) I -3 si0)

(15)
Assuming the noise to be whitdl = o°I, we get the
simplified log-likelihoodZ(6) as in (16).

f(yle) =

7T]LI|H|
60

40

Elevation/deg

20 ©

L(6) = log f(y|0) (16) o _
= —Mlogm — M log o Timelhr
K K . - . . .
1 Fig. 1. The positions of CasA and CygA on the sky in azimuth eledation,
_F(y - Sz‘(e))H(y - Z Si(e)) for a geographic latitude a3°.
i=1 i=1
The maximum likelihood estimate for the noise varianée ~ 1he parametrization of the Jones matrices are done as
(given ) is given by (17). follows: We consider each entry of tlkeby 2 matrix to be a
« « parameter. FOK = 2 and N = 16, there ar& x 16 x4 = 128
-~ 1 ~ ~ parameters.
o? =2y = si(0)(y-D_s:0) (A7)
i=1 i=1 3,(0,) = [ Jpii Jp12i ]
Using (17) in (16), we arrive at (18). Jpari Jp2zi
N 0; = [vec(J,(8:)7,....]" Vpe[l...,N] (20)
L(@)=—-Mlogm— M (18) ) o ) )
) The Jones matrices are initialized such that the diagortaésn
~Mlog(—(y - s;0)(y - ;0 each have a (real) valug&0001 and the off diagonal entries
(M( Z 67 Z ©)) to be zero.

i=1 i=1



We consider the estimation of the parameters using (@hen the noise is non Gaussian. Moreover, future work will
(Normal Algorithm) and using the SAGE algorithm. Foraddress situations where we have more thatrong sources.
the normal algorithm, we usé2 and 24 LM iterations to
estimatel128 parameters using (5). For the SAGE algorithm,
we alternate between estimating parameters for CasA and he first author would like to thank ASTRON for kind
CygA. In each iteration, we usg LM iterations for the M hospitality and NOVA for support. This work was also
step (11). We usé EM iterations, keeping the number of LMsupported by LOFAR and SNN. LOFAR is being funded
iterations atl2. Yet, the SAGE algorithm is computationallyby the European Union, European Regional Development

less expensive than the normal algorithm withiterations as Fund, and by “Samenwerkingsverband Noord-Nederland”,
noted in section IlII-C. EZ/KOMPAS. We acknowledge Ronald Nijboer for reviewing

Once we have estimat& we make images of the residual@n earlier version of this paper.
ie.y — Zfil si(0). We also correct the residual using the

estimatedd [20]. We have given the images made by the] JA Fess 4 AO. H S termat i et

. . . .A. Fessler and A.O. Hero, “Space alternating germgdliexpectation
_normal algorlthm and the SAGE algorlthm on Flg' 2. Th_eslé maximization algorithm,”IEEE Trans. on Sig. Procyol. 42, no. 10, pp.
images show an area around CasA and CygA, respectively. 2664-2677, Oct. 1994.
Perfect subtraction should leave no residual from bothethd@] K. Levenberg, “A method for the solution of certain nondar problems

sources. However. we see that there is about 1% (Of the using least squares;The Quarterly Jnl. of App. Mathyol. 2, pp. 164-
. ’ 168, 1944.

original value) peak residual left by using the normal aifjon  [3] D. Marquardt, “An algorithm for least squares estimatiof nonlinear
with 12 iterations. On the other hand, the SAGE algorithm and parameters,'SIAM Jnl. of App. Math.yol. 11, pp. 431-441, 1963.

. . . . ; ; [4] A.J. Boonstra and A.J. ven der Veen, “Gain calibratiortimes for radio
the normal algorithm witt24 iterations reduce this residual to telescope arrays,IEEE Trans. on Sig. Procyol. 51, no. 1, pp. 25-38,

0.1% level. Moreover, fainter, known sources can also ba see Jjan. 2003.
on both images. Closer scrutiny reveals that the remainiféy A.J. van der Veen, A. Leshem, and A.J. Boonstra, ‘Arragnsi

. - . . processing for radio astronomyFExperimental Astronomyol. 17, no.
sources are fainter in the results obtained using the SAGE 1-3, pp. 231-249, Jun. 2004,

algorithm. This is due to over subtraction of the fluxes of th@] nttp:/mmww.skatelescope.org/
remaining sources and in fact, we could reduce the numk@r http://www.lofar.org/

f . . .[8] A.P. Dempster, N.M. Laird, and D.B. Rubin, “Maximum likeood from
of SAGE iterations, to overcome this effect. Future workl wil incomplete data via the EM algorithmJnl. Royal Stat. Soc. Series B,

address determining the correct number of iterations tédavo vol. 39, no. 1, pp. 1-38, 1977.
over subtraction. [9] M. Krzywinski, V. Sossi, and T.J. Ruth, “Comparison of R&, OSEM
s and SAGE algorithms to 3DRP in 3D PET using phantom and human
In order to have a quantitative handle on the results, we subject data,” IEEE Trans. on Nuclear Sciencepl. 45, no. 4-2, pp.
have also calculated the root mean square (rms) value of the1114-1120, Aug. 1999.
residual on these |mages For an |mage Mﬁhx L2 plxe|S, [10] A. Logothetis and C. Carelmalm, “SAGE algorithms for lopath

’ ] detection and parameter estimation in asynchronous CDMsieB)s,”
the rms valuep can be defined as in (21). In (21), the value |Ecg Trans. on Sig. Prooyol. 48, no. 11, pp. 3162-3174, Nov. 2000.
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Fig. 2. Images around CasA (left column) and CygA (right cah) after
applying the SAGE algorithm (first row), Normal algorithm2 lterations
(second row) and Normal algorithm, 24 iterations (bottonv)rol he residual
of CasA is seen at top left on the images in the left column. fEsaual of
CygA is seen at center left on the images in the right coluntre grid lines
correspond to sky coordinates: right ascension and déoima
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Fig. 3. Pixel rms values around CasA and CygA using the nocal@ration

algorithm and the SAGE calibration algorithm. For equal bemof iterations,
the normal algorithm has higher residual compared to the SAorithm.

With higher number of iterations, the normal algorithm giveomparable
performance.



