
5. Energy Production and Transport

5.1 Energy Release from Nuclear Reactions

As mentioned when we looked at energy generation, it is now known that
most of the energy radiated by stars must be released by nuclear reactions. In
this section we will consider why it is that energy can be released by nuclear
reactions. 

Atomic nuclei are composed of protons and neutrons (or nucleons). The total
mass of a nucleus is less than the mass of its constituent nucleons. This
means that if a compound nucleus is formed from nucleons there is a loss of
mass which, by Einstein's mass-energy relation, E=mc2, is released as
energy. This energy is known as the binding energy. The binding energy, Q(Z,
N), of a nucleus composed of Z protons and N neutrons is:

Q(Z,N) = [Zmp+Nmn- m(Z,N)]c2,

where mp is the proton mass, mn the neutron mass and m(Z,N) the mass of

the compound nucleus. The more stable the nucleus, the greater the energy
that must be supplied to unbind it, or equivalently, the greater the energy that
is released when it is formed. A more useful measure of stability is the binding
energy per nucleon, Q(Z,N)/(Z+N). This is the energy needed to remove an
average nucleon from the nucleus and is proportional to the fractional loss of
mass when the compound nucleus is formed. Figure 1 shows a plot of the
average binding energy per nucleon versus the atomic mass number, A =
Z+N. It can be seen that the curve increases rapidly with low A, hits a broad
maximum for atomic mass numbers of 50 to 60 (corresponding to nuclei in the
neighbourhood of iron in the periodic table, which are the most strongly bound
nuclei) and then gradually declines for nuclei with higher values of A.



 
Fig. 1: Binding energy per nucleon plotted as a function of the atomic mass
number. 

Fig. 1 shows how nuclear fusion and fission reactions can release energy. If
two nuclei lying to the left of the maximum in Fig. 1 fuse to form a compound
which also lies to the left of the maximum, the compound nucleus will have a
larger binding energy per nucleon than the original nuclei. As the total number
of nucleons has not been changed, such nuclear fusion reactions must
release energy. Once the compound nucleus lies in the iron region of Fig. 1
however, further energy release from fusion reactions becomes impossible.
Thus if a star initially consisted of pure hydrogen, it could generate a
maximum of about 9 MeV per nucleon by fusion to 56Fe, but about 7 MeV of
this would have already been released when 4He is formed during the first
step. 

If a heavy nucleus lying to the right of the maximum in splits into two or more



fragments which also lie to the right of the maximum, the newly formed nuclei
will have a larger binding energy per nucleon than the original nucleus. Such
nuclear fission reactions must therefore also release energy. However, the
binding energy per nucleon of very heavy nuclei, although less than that of
iron, is still quite large. This means that the maximum possible energy release
per kg from fission reactions is much less than that from fusion reactions.
Coupled with the fact that very heavy nuclei do not appear to be very
abundant in nature, we may conclude that nuclear fusion reactions are by far
the most important source of energy generation in stars. 

5.2 Occurrence of fusion reactions

Having established that nuclear fusion rather than fission reactions are the
primary source of energy generation is stars, we turn now to discuss the
conditions under which fusion can occur and whether such conditions actually
exist within stars.

Nuclei interact through the four forces of physics: electromagnetic,
gravitational, strong nuclear and weak nuclear. In determining the conditions
for nuclear fusion to occur, only the electromagnetic and strong nuclear forces
are of importance. In order to fuse, two nuclei (which are always positively
charged) have first to overcome the repulsive electrostatic force between
them. This is a long range force which falls off with distance, r, as 1/r2. Once
the two nuclei are separated by less than 10-15m (the typical size of a
nucleus), the attractive (and much shorter range) strong nuclear force takes
hold and draws the nuclei together. It is this strong force which holds nuclei
together and which causes the nuclear reactions that occur in stars. The
upper panel of  illustrates the competition between the electrostatic and strong
nuclear forces.



 

Fig. 2: Upper panel: A schematic plot of the potential energy V (i.e. the energy
which one nucleus must have in order to approach another nucleus) versus
separation between two nuclei. At large separations, the electrostatic
repulsion dominates. For separations of r<10-15m, the strong nuclear force
takes over, allowing the two nuclei to fuse. Lower panel: A schematic plot of
the wave function representing the penetration of a potential barrier by a
nucleus whose kinetic energy of approach Ekin is below that of the barrier.

The wave function oscillates sinusoidally in the inner and outer classically
allowed regions and decays exponentially in the intervening classically
forbidden region. 

In order to fuse two nuclei, the upper panel of Fig. 2 shows that it is first



necessary to surmount the potential barrier (or Coulomb barrier) set by the
electrostatic repulsion. The height of the Coulomb barrier between two nuclei
can be estimated using the equation

Z 1 Z 2 e2

4��0 r

where Z1 and Z2 are the number of protons in each of the two nuclei. Setting r

= 10-15m, Z1 = Z2 = 1, the charge on the electron e = 1.60x10-19 C and the

permittivity of free space �0  = 8.85x10-12 C2N-1m-2, we obtain a potential
energy of 2.3x10-13J or 1.4 MeV for the height of the Coulomb barrier.

The only way a nucleus can overcome the Coulomb barrier is for it to increase
its kinetic energy. We saw when discussing energy generation, that the
average kinetic energy of a nucleus is 3kT/2. In order to overcome the
Coulomb barrier, therefore, the temperature would have to be 1.1x1010K. This
is nearly four orders of magnitude higher than the minimum mean
temperature of the Sun, 2x106K, we derived earlier. How can these two
numbers be reconciled? First, one could argue that we only derived the
minimum mean temperature of the Sun. The actual central temperature of the
Sun, however, is only 1.5x107K, so this still leaves a disparity of nearly three
orders of magnitude. Second, 3kT/2 gives only the mean energy per nucleus,
but the nuclei will actually have a Maxwellian distribution of energies and
hence some nuclei will have higher energies than the mean. The number of
nuclei with an energy E which is higher than the average energy decreases as
e-E/kT. For an energy which is roughly 1000 times larger than the mean, the
number of nuclei therefore decreases by a factor of e-1000 or 10-434. The total
number of nuclei in the Sun is approximately given by its mass divided by the
mass of a hydrogen atom, i.e. 1.99x1030/1.67x10-27 ~ 1057. The chance of
finding even one nucleus with a kinetic energy large enough to overcome the
Coulomb barrier is therefore essentially zero.

It was in the face of the above arguments that Eddington made his famous
remark that, if the centre of the Sun was not hot enough for the nuclear
physicists, they must find a hotter place. The problem was finally solved with
the advent of quantum mechanics. Heisenberg's uncertainty princip[le says
that the energy of a nucleus and the time of measurement, i.e. the energy of a
nucleus cannot be measured in such a way that it and the time of
measurement are known precisely. If the extra energy above the classical
value that an incoming nucleus requires to overcome the Coulomb barrier and
the time for which it requires that energy satisfies Heisenberg's uncertainty,
then there is a chance of a nuclear reaction occurring.



This effect is known as quantum mechanical tunnelling, and is illustrated in
the lower panel of Fig. 2 The approach of a nucleus to the Coulomb barrier
can be thought of in terms of a wave which is described by the Schrodinger
equation. If the incoming nucleus has a kinetic energy Ekin, then according to

classical theory it is unable to approach closer than r1. For r > r1, i.e. where

Ekin > V, the wave function for the oncoming nucleus is a sine wave with

amplitude A1. For r2 < r < r1, Ekin < V and the wave function is an exponential

function decreasing towards smaller r. For r < r2, we find again Ekin > V and

the wave function is again a sine wave but now with amplitude A2. It is the

(square of the) amplitude of the wave function which determines the
probability of finding a particle at a specified position and hence the amplitude
of the wave function in the region r < r2 determines the probability for the

nucleus to tunnel through the Coulomb barrier. The important point here is
that the tunnelling probability is not zero, which means that there is a finite
chance that fusion will occur even when the kinetic energy is classically too
small to breach the Coulomb barrier. This does not mean, however, that the
process is likely. For example, two protons, which undergo approximately
1010 collisions per second with other protons in the solar interior, survive on
average for approximately 1010 years, the lifetime of the Sun. But this is
sufficient to power the luminosity of the Sun. 

It should be noted that for larger Ekin, the width of the Coulomb barrier

becomes narrower (i.e. r1-r2 decreases), the decay of the wave function

becomes less steep and the amplitude of the wave function in the region r < r2
becomes larger (i.e. A2/A1 increases). Hence the tunnelling probability

increases if the kinetic energy of the incoming nucleus increases. According
to the Maxwellian distribution, however, the number of particles decreases as
their kinetic energy increases. Therefore, fusion mostly occurs in an energy
window defined by the so-called Gamow peak, as shown in Fig. 3:



 

Fig. 3: The Gamow peak (solid curve) is the product of the Maxwellian
distribution and the tunnelling probability. Most fusion reactions take place
between particles with relative energies lying within the Gamow peak. The
area under the Gamow peak determines the reaction rate. 

It should also be noted that the higher the electric charges of the interacting
nuclei, the greater the repulsive force between them and the higher the kinetic
energy (and hence temperature) must be before nuclear reactions can occur.
The highly charged nuclei are also the more massive nuclei and this means
that nuclear reactions between light elements occur at lower temperatures
than nuclear reactions between heavy elements. 

5.3 Hydrogen and Helium burning

We turn now to look at the most important nuclear reactions which occur in
stars. 

hydrogen burning reactions



The most important series of fusion reactions are those converting hydrogen
to helium in a process known as hydrogen burning. The chances of four
protons fusing together to form helium in one go are completely negligible.
Instead, the reaction must proceed through a series of steps. There are many
possibilities here, but we will be looking at the main two hydrogen-burning
reaction chains: the proton-proton (PP) chain and the carbon-nitrogen (CNO)
cycle. The PP chain divides into three main branches, which are called the
PPI, PPII and PPIII chains. The first reaction is the interaction of two protons
(p or 1H) to form a nucleus of heavy hydrogen (deuteron, d, or 2H), consisting
of one proton and one neutron, with the emission of a positron (e+) and a
neutrino ( � e ). The deuteron then captures another proton and forms the
light isotope of helium with the emission of a �� ray . The 3He nucleus can
then either interact with another 3He nucleus or with a nucleus of 4He (an α-
particle), which has either already been formed or has been present since the
birth of the star. The former case is the last reaction of the PPI chain, whereas
the latter reaction leads into either the PPII or the PPIII chain, as shown
below:
PPI chain PPII chain PPIII chain 

 
this starts with reactions 1
and 2

this starts with reactions 1,
2 and 3'

1) p + p --> d + e+ + νe 3) 3He + 4He --> 7Be + γ 4) 7Be + p --> 8B + γ

2) d + p --> 3He + γ 4) 7Be + e- --> 7Li + νε 5) 8B --> 8Be + e+ + νe 

3) 3He + 3He --> 4He +
p + p 5) 7Li + p --> 4He + 4He 6) 8Be --> 24He 

It can be seen that there is another choice in the chain when 7Be either
captures an electron to form 7Li in the PPII chain or captures another proton
to form 8B in the PPIII chain. At the end of the PPIII chain, the unstable
nucleus of 8Be breaks up to form two 4He nuclei. The PP chain reactions are
summarized pictorially in Fig. 4



 
Fig. 4: The proton-proton chain. 

The reaction rate of the PP chain is set by the rate of the slowest step, which
is the fusion of two protons to produce deuterium. This is because it is
necessary for one of the protons to undergo an inverse β decay:

p --> n + e+ + νe.

This reaction occurs via the weak nuclear force and the average proton in the
Sun will undergo such a reaction approximately once in the lifetime of the
Sun, i.e. once every 1010 years. The subsequent reactions occur much more
quickly, with the second step of the PP chain taking approximately 6 seconds
and the third step approximately 106 years in the Sun.

The relative importance of the PPI and PPII chains depend on the relative
importance of the reactions of 3He with 3He in PPI as compared to the
reactions of 3He with 4He in PPII. For temperatures in excess of 1.4x107K,
3He prefers to react with 4He. At lower temperatures, the PPI chain is more



important. The PPIII chain is never very important for energy generation, but it
does generate abundant high energy neutrinos.

The other hydrogen burning reaction of importance is the CNO cycle:

CNO cycle

1)12C + p --> 13N + γ

2)13N --> 13C + e+ + νe 

3)13C + p --> 14N + γ 

4)14N + p --> 15O + γ 

5)15O --> 15N + e+ + νe 

6)15N + p --> 12C + 4He 

The reaction starts with a carbon nucleus, to which are added four protons
successively. In two cases the proton addition is followed immediately by    
a β−decay, with the emission of a positron and a neutrino, and at the end of
the cycle a helium nucleus is emitted and a nucleus of carbon remains. The
reactions of the CNO cycle are shown pictorially in Fig. 5
  

 
Fig. 5: The CNO cycle

Note that there are less important side reactions of the CNO cycle which are
not listed here. Carbon is sometimes described as a catalyst in the above
reaction because it is not destroyed by its operation and it must be present in
the original material of the star for the CNO cycle to operate. When the cycle
is working in equilibrium, the rates of all of the reactions in the chain must be
the same. In order for this to be so, the abundances of the isotopes must take
up values so that those isotopes which react more slowly have the higher



abundances. It can be seen from Fig. 5 that the slowest reaction in the CNO
cycle is the capture of a proton by 14N. As a result, most of the 12C is
converted to 14N before the cycle reaches equilibrium and this is the source of
most of the nitrogen in the Universe.

helium burning reactions 

When there is no longer any hydrogen left to burn in the central regions of a
star, gravity compresses the core until the temperature reaches the point
when helium burning reactions become possible. In such reactions, two 4He
nuclei fuse to form a 8Be nucleus, but this is very unstable to fission and
rapidly decays to two 4He nuclei again. Very rarely, however, a third helium
nucleus can be added to 8Be before it decays, forming 12C by the so-called
triple-alpha reaction:

4He + 4He --> 8Be
8Be + 4He --> 12C + γ

The triple-alpha reaction is shown pictorially in Fig. 6. It can be seen that the
reaction leaps from helium to carbon in one go, by-passing lithium, beryllium
and boron. It is no coincidence that these three elements are over 105 times
less abundant by number than carbon.

  

 
Fig. 6: The triple alpha reaction 



Once helium is used up in the central regions of a star, further contraction and
heating may occur, and that may lead to additional nuclear reactions such as
the burning of carbon and heavier elements. We will not discuss these
reactions here as the majority of the possible energy release by nuclear fusion
reactions has occurred by the time that hydrogen and helium have been
burnt. 

5.4 Approximate form for energy release

We have seen that the probabililty of fusion is related to the energies of the
particles involved and hence to the temperature of the plasma. Using
experimental values for the rates at which the PP chain, CNO cycle and triple-
alpha reactions occur, it is possible to tabulate the energy release of each
reaction as a function of temperature, as shown in Fig. 7:

 



 
Fig. 7: Rate of energy release from hydrogen and helium burning as a
function of temperature. 

The energy released by the PP chain and CNO cycle are smooth functions of
temperature. In a limited temperature range we can replace the true
dependence on temperature by a power law fit to the curves in Fig. 7. These
fits have the following approximate form:

PP chain: E=E 0�T 4

CNO cycle: E=E 0�T 17

Triple-alpha reaction: E=E 0�
2 T 40

Where E is the energy release per unit mass per unit time, ρ is the density of
the stellar material, T is the temperature of the stellar material and E0 is a



constant which depends on the chemical composition of the stellar material. 

The above expressions reflect the fact that the rate of fusion is a very
sensitive function of temperature, because the probability of tunnelling
depends on kinetic energy, which in turn depends on temperature.
Furthermore, it can be seen that fusion reactions involving successively
heavier elements (in ascending order: the PP chain, the CNO cycle and the
triple-alpha reaction) become even more temperature dependent (and require
higher temperatures to operate) in order to overcome the larger Coulomb
barrier due to the heavier (and hence more positively charged) nuclei. As well
as depending on temperature, E also depends on the density of the stellar
material. For two-particle reactions such as PP chain and CNO cycle
reactions, the dependence on density is linear, whereas for three-particle
reactions such as the triple-alpha process, the dependence is quadratic.

Clearly, the true laws of energy release are not power laws, but the
expressions given are good approximations as the energy release increases
very rapidly with temperature and the range of temperatures in which
significant release occurs is small. We shall see in the next part of the course
how the use of the above approximate expressions for the laws of energy
production enables us to obtain useful qualitative information about the
structure of stars.  

5.5 Solar Neutrinos

Since the mean free path of photons is very small (appr. 1cm) cores of stars cannot be
observed. We infer the occurrence of nuclear reactions from the fact that stellar
evolution theory predicts key quantities well, like the solar luminosity, abundances
and isotope ratios. However, a direct test of the theory of nuclear reactions would be
to capture the neutrinos that have been produced in these reactions in the Sun. For
neutrinos, the mean free path is much larger than the Sun. This makes it also very
difficult to capture neutrinos, since matter is so transparent to them. One can however
devise experiments that measure the solar neutrino rate.

Neutrinos, as we have seen, can be formed in various branches of the PP chain. In
each case the neutrinos emitted have widely different fluxes, and different energies.
The probability of absorbing (capturing) a neutrino increases with increasing energy. 
We have

Reaction                     Flux at Earth                     Energy               Average
                                      (m� 2 s� 2 )                     (MeV)                 (MeV)



p� p� D2 ���e�          6.01014                         �0.42                  0.263
Be7 �e� � Li7 ��           4.91013                0.86 (90%) or 0.38(10%)      0.80

B8 � Be8 �e� ��           5.71010                         �15                        7.2

Given that the neutrinos of the last reaction (of B8 ) have the highest energy, one
expected that these would be the easiest to detect. The first neutrino experiments
started in the 1960's by Raymond Davis with help from John Bahcall.The experiment
is based on the capability of Cl37  , a rare Cl-isotope, to absorb a high-energy
neutrino and produce Ar37 :

�� Cl37 � e� � Ar37

with a half-life of 35 days. The abundance of the Ar37 isotopes can be used to
derive the flux of the highly energetic neutrinos. As the threshold for this reaction is
0.8 MeV, these are mostly B8 neutrinos, only 1/6 comes from Be7   This
experiment involved a huge tank of 600 tons of C 2 Cl 4 fluid (an ordinary cleaning
fluid) placed in an abandoned, 1500m deep gold-mine in South Dakota. The
experiment has to be conducted deep underground to avoid the background noise
caused by cosmic ray particles. 

The result was that the inferred neutrino flux was a factor of 2 or 3 lower than
predicted by solar models. This is called the solar neutrino problem. 

Several other experiments were done, see Prialnik (p 145) or Carroll & Ostlie for
more details.

To solve the solar neutrino model either some fundamental physics in the standard
models is incorrect, or something happens to the neutrinos on their way to Earth.

It is possible that one does not expect so many neutrinos since another type of
particle, called WIMPS, coule be responsible for tranporting some of the energy near
the center of the Sun outwards, thereby cooling the core, and lowering the neutrino
flux.

Possibly neutrinos produced in the core of the Sun actually change before they reach
the Earth. According to the Mikheyev-Smirnos-Wolfenstein effect n eutrinos can
change from one type to another. The neutrino's produced in the PP-chain are all
electron neutrinos (� e ). However, there are also muon neutrinos (� � ) and tau
neutrinos ( � � ). The MSW effect suggests that neutrinos oscillate between the 3
flavours.

5.6  Energy Transport



We know that energy is liberated in stars by nuclear processes. This is represented in
models by

� r = energy generation rate per unit mass (in W/kg)

For nuclear reactions in the regime of interest in stars we have

� = �0�
�T �

where �0 is a constant �0 = �0 X ,Y , Z

�0 depends on r because � and T depend on r.  For the PP-cycle �=4 ;
for the CNO cycle the temperature dependence is T 16 or T 17 . This is a
complicated average over all the reaction rates.

Now considre a spherical shell of a star if thickness � r (see figure in C & O).
The energy flux through the inner circle is L(r);
the energy flux through the outer circle is L(r+dr). Now:

L r�dr �L r = energy generated=4� r2 � r �� r

so we get the following equation:

dL
dr
=4� r2 � r � r

to be joined to the other equations of stellar structure.
But this is not all – the energy released at radius r must be transported through the star
somehow. We have:

P gas=n k T ; the gas pressure, mostly contributed by electrons.

E gas=�U gas=
3
2

n k T ; here U gas is the energy per unit mass.

Also

P rad=
1
3

aT 4 ; the radiation pressure, from photons, and 

E rad=�U rad=aT 4 ; a is Stefan-Boltzmann's radiation density constant.

In most stars, the gas pressure is much more important than the radiation pressure
(unless T is very high). Does this also mean that gas transports more energy? The
answer is NO.

Pgas�P rad and generally E gas�E rad

Radiation usually carries the heat.

There are 3 mechanisms for energy transport:



1. Convection
2. Conduction (not usually important, through e� )
3. Radiation (photons)

What matters in (2) and (3) is the mean free path of a photon. Although electrons have
more energy, photons have a larger mean free path (mfp). Even if a photon has a short
mfp, it still takes about 3. 107 years for a photon to be liberated in the core to get out.
The diffusion of heat is difficult because the plasma's are generally opaque to
radiation. In the case of electrons, they are scattered by other electrons (more later).

(2)and (3) are described by:

F cond=��cond

dT
dr

and

F rad=��rad
dT
dr

(Heat flows down a temperature gradient).

And L rad=4� r2 F rad

Later I will discuss how to calculate these λ's. Let's first however discuss convection.

5.7Convection

There is no adequate theory for convection, but when it starts, it usually dominates.
The onset of convection is determined by Schwarzschild's criterion:

Displace the blob from r to r+dr. At this point the ambient properties are T��T ,
���� and P��P . Inside the blob, its properties are T��T , ���� and 
P��P . 

The blob is in pressure balance (it adjusts rapidly), so 

�P=�P

Now, if the blob expands adiabatically (P��� , �=
cP

cV
) we have:

��
�
= 1
�
�P
P

 



The blob is buoyant and rises if the gas is less dense than its surroundings. Convection
starts if ����� , so that 

1
�
�P
P
�
��
�

For an ideal gas we have P=
R�T

�
, so that �=

�
R

P
T

. This means that we have

��
�
=
�P
P
�
�T
T

, hence

1
�
�P
P
�
�P
P
�
�T
T

Since �P=�P we can write:

�T
T
�
�P
P
� 1
�
�P
P
=

��1

�
�P
P



This is Schwarzschild's criterion, or

dT
dr
�

��1

�
T
P

dP
dr

Note that we can generally calculate 
dP
dr

using Hydrostatic equilibrium. 
dT
dr

Is

negative, so convection requires 
dT
dr

large, or ��1 .

Convection dominates in massive main sequence stars where the CNO cycle applies.
It is not important in the solar case, but is important in the convection zone just under
the photosphere.

5.8Radative Transport

In stars most of the pressure comes from the electrons, and that is where most of the
energy is. We have:

Pgas=n k T and E gas=
3
2

n k T

The radiation field (photons) is approximately blackbody, and so has:

P rad=
1
3

aT 4  and E rad=aT 4 where a is the radiation density constant.

Now, in most stars P gas�P rad and E gas�E rad , so that one might think that thermal
conduction (transport by electrons) would be more efficient than transport by photons.
This is, however, not the case in most stars. What matters is the mean free path for the
particles, which turns out to be much larger for photons than for electrons.
(Even so it takes a photon about 3107 years to diffuse out of the solar core).
This is because conduction and radiative transport both are diffusive processes
involving a kind of 'random walk' of energy.

Diffusion of radiation through a hot plasma like a star is difficult because of the high
opacity of the material.
Both thermal conduction (by e� ) and radiative diffusion (by γ) can be described by
a law of the form:

F cond = ��c
dT
dr

F cond is the heat flux (in W m� 2 s�1 )
�c is the coefficient of thermal conductivity

We also write F rad=��rad

dT
dr



Note that we can write L rad=4� r2 F rad for spherically symmetric radiation.

Astronomers, however, so not use λ for radiative processes, but κ.
The opacity κ is defined by

�= 4 a cT 3

3��rad

 (a is the radiation density constant)

with this definition we have for F rad :

F rad=�
4 a cT 3

3��
dT
dr

with this definition the probabililty that a photon will be absorbed in a distance � x

is ��� x (units of � are in m 2 kg�1 ).
From now assume only radiative transport. Hence we have:

L=4� r2 F rad=�
16� a c r2 T 3

3��
dT
dr

Notice that

F rad=�
4 a cT 3

3��
dT
dr

=� c
��

d
dr

aT 4

3
 , and we know that P rad=

aT 4

3
,

so that we have

d P rad

dr
=�

�L �
4� c r2

one can compare this with the equation for hydrostatic support: dP
dr

=�
GM �

r2

5.9 Sources of opactity

Opacity is the resistance of material to the flow of heat, which in most stellar
interiors is determined by all the processes which scatter and absorb photons.
We will now look at each of these processes in turn, of which there are four: 

� bound-bound absorption 
� bound-free absorption 
� free-free absorption 
� scattering 

The first three are known as true absorption processes because they involve
the disappearance of a photon, whereas the fourth process only alters the
direction of a photon. All four processes are described below and are shown



pictorially in Figure 8:

   
Figure 8: Schematic energy level diagram showing the four microscopic
processes which contribute to opacity in stellar interiors.

bound-bound absorption 

Bound-bound absorptions occur when an electron is moved from one orbit in
an atom or ion into another orbit of higher energy due to the absorption of a
photon. If the energy of the two orbits is E1 and E2, a photon of frequency νbb
will produce a transition if

E2 - E1 = hνbb.

Bound-bound processes are responsible for the spectral lines visible in stellar
spectra, which are formed in the atmospheres of stars. In stellar interiors,
however, bound-bound processes are not of great importance as most of the
atoms are highly ionised and only a small fraction contain electrons in bound
orbits. In addition, most of the photons in stellar interiors are so energetic that
they are more likely to cause bound-free absorptions, as described below.



bound-free absorption 

Bound-free absorptions involve the ejection of an electron from a bound orbit
around an atom or ion into a free hyperbolic orbit due to the absorption of a
photon. A photon of frequency νbf will convert a bound electron of energy E1
into a free electron of energy E3 if

E3 - E1 = hνbf.

Provided the photon has sufficient energy to remove the electron from the
atom or ion, any value of energy can lead to a bound-free process. Bound-
free processes hence lead to continuous absorption in stellar atmospheres. In
stellar interiors, however, the importance of bound-free processes is reduced
due to the rarity of bound electrons.

free-free absorption 

Free-free absorption occurs when a free electron of energy E3 absorbs a

photon of frequency νff and moves to a state with energy E4, where

E4 - E3 = hνff.

There is no restriction on the energy of a photon which can induce a free-free
transition and hence free-free absorption is a continuous absorption process
which operates in both stellar atmospheres and stellar interiors. Note that, in
both free-free and bound-free absorption, low energy photons are more likely
to be absorbed than high energy photons. 

(Thomson) scattering 

In addition to the above absorption processes, it is also possible for a photon
to be scattered by an electron or an atom. One can think of scattering as a
collision between two particles which bounce of one another. If the energy of
the photon satisfies

hν << mc2,

where m is the mass of the particle doing the scattering, the particle is
scarcely moved by the collision. In this case the photon can be imagined to be
bounced off a stationary particle. Although this process does not lead to the



true absorption of radiation, it does slow the rate at which energy escapes
from a star because it continually changes the direction of the photons.

Our aim is to derive an expression for the opacity which can be used to solve
the equations of stellar structure. We have seen that, as stars are nearly in
thermodynamic equilibrium, with only a slow outward flow of energy, the
opacity should have the form:

�=� � ,T , chemical composition

A discussion of the detailed form for opacity is outside the scope of this
course - it involves complicated numerical calculations in atomic physics. In
restricted ranges of density and temperature, however, the results of detailed
calculations can be represented by simple power laws of the form

�=�0�
� T �

where α and β are slowly varying functions of density and temperature and
�0  is a constant for stars of a given chemical composition. Fig. 9 shows how

the power law approximations fit the curve derived from detailed opacity
calculations.

Fig. 8: The solid curve shows opacity as a function of temperature for a star of
given density (10-1 kg m-3) and chemical composition. The dotted lines are the



approximate power-law forms for the opacity described below. 

Fig. 8 also shows that the opacity is low at high temperatures and remains
constant with increasing temperature. This is because at high temperatures
most of the atoms are fully ionised and the photons have high energy and are
free-free absorbed less easily than lower energy photons. In this regime the
dominant opacity mechanism is hence electron scattering, which is
independent of T, resulting in an approximate analytical form for the opacity
given by α= β = 0, i.e.

�=�0 (curve c in Fig. 8).

Fig. 8 shows that the opacity is also low at low temperatures and decreases
with decreasing temperature. In this regime, most atoms are not ionised and
there are few electrons available to scatter radiation or to take part in free-free
absorption processes, while most photons have insufficient energy to ionise
atoms via free-bound absorption. An approximate analytical form for the
opacity at low temperatures is given by α = ½ and β = 4, i.e.

�=�0�
1
2 T 4   (curve a in Fig. 8).

Fig. 8 shows that the opacity has a maximum at intermediate temperatures
where bound-free and free-free absorption are very important and thereafter
decreases with increasing temperature. A reasonable analytical
approximation to the opacity in this regime is given by α = 1 and β = -3.5, i.e.
�=�0�T � 3.5  (Kramers' law)(curve b in Fig. 8).

5.10Summary

We have the following equations for stellar structure:

1
�

dP
dr
=�G M

r2

dM
dr
=4� r2 �

dL
dr
=4� r2 ��

L=�
16� a c r2 T 3

3��
dT
dr



To which we can add:

P=P � ,T =
R�T

�

�=�0�
a T b

�=�0 �
x T y

Let's suppose that the composition parameters X and Y are constant throughout the
star. We have 4 differential equations for 5 unknowns: ρ, T, M, L and P
all with r as a dependent variable. If we now add P � ,T  we have only 4 unknowns
left, with 4 equations, so that means that these equations can be solved using the
computer (see Carroll & Ostlie, Prialnik).

Usually one doesn't use r as a dependent variable, but M, since this makes the
calculations easier, and r is treated as r(M).

We have for M:

dP
dM
= d

dM
R�T

�
=� GM

4� r4

dr
dM

= 1

4� r2 �

dL
dM

=�

dT
dM

=�
3�L

64� a2 c r4 T 3

Solve these equations for r, L, ρ and T as functions of M.
To get a solution we need the following 4 boundary conditions:

(1) at the centre (M=0): r=0 and L=0
(2) at the edge of the star: L M S =4� RS

2� T eff
4

     Since T eff �T c we can take that at M=M S T=0 and also ρ=0.

In this way one can completely solve the star.

In particular, for a fixed M S there is a fixed RS , L S etc. This is the Vogt-Russell
Theorem. More importantly, we can solve the relations between



M s and L s ; M S and RS ; and M S and T eff without solving the equations. In
the next chapter we will show how this can be done.


