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Problem 1

In this problem we will learn how to solve MLE and Linear Least Squares problems for non-linear
models through an example. You have already made a first-step towards such problems in Home-
work 3 Problem 1.

Consider the model:
x[n] = rn + w[n], n = [0, 1, 2, ...N − 1],

where r is a parameter to be estimated, and w[n] is white gaussian noise with variance σ2.

(a) Write down an expression for the MLE of oarameter r. Can you solve this equation analyt-
ically?

(b) Write down an iterative solution for the MLE equation using the Newton-Raphson method
(I will teach this in class)

(c) We will now implement the above method in a computer simulation with N = 50, σ2 = 0.01,
and r = 0.5. Generate date vector x[n]. Plot −

∑n=N−1
n=0 (x[n]− rn)2 versus r. Zoom into the region

around r = 0.5. If the maxima of this function at 0.5. Why?

(d) Write a program to iteratively solve for the parameter r. Run the program with three
different initial value: r0 = (0.8, 0.2, 1.2). Plot the estimated parameter value as a function of
iteration number (1 to 30). Interpret your results.

(d) Try now an initial value of 1.4. What do you observe? Why?

Problem 2

(a) Show that the Newton-Raphson method for MLE estimation is approximately equivalent to lin-
earizing the model using a 1st order Taylor expansion (like the one used on Homework 3 Problem
1) and then using a linear least squares estimation. (I will show this in class)

(b) Modify the program you wrote for Homework 4 Problem 1 to iteratively find the phase of a
sinusoid. Implement the modified program for an initial value of φ0 = 1.2, and plot the estimated
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value of phase versus iteration number.

(c) Choose a reasonable number of iterations (less than 10) and iteratively find the phase solution
for 103 reaslizations of noise. Plot the histogram of your solutions. Compare the histogram to the
one you obtained in Homework 4.

Problem 3

A two-dimensional random vector x and variable y have the joint density function given by

fx,y(x, y) = (y + 3x1)x2 0 ≤ x, y ≤ 1

fx,y(x, y) = 0 otherwise

Assume that x represents the observations.
(a) Find the MLE of y
(b) Find the MAP estimate of y

Problem 4

A biased coin is tossed N times and the outcomes recorded in a vector x[n], n = [0, 1, 2, ... N ].

Prob.(x[n] = head) = p

Prob.(x[n] = tail) = 1− p

Derive an analytic expression for the Maximum Likelihood estimator of p.
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