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Problem 1

Quite often, the model we are trying to fit is not linear in its parameters. Consider the problem of
estimating the phase of a sinusoid

x[n] = sin(2πfn+ φ) + w[n]

where n = [0, 1, 2, ... N − 1] and w[n] is white gaussian noise with variance σ2.
(a) Cast this model analytically as an approximate linear model using a Taylor expansion around
φ0.
(b) Write down an expression for the MVU estimator and the CRLB on parameter φ for this
linearized model.
(c) Analytically compute the bias in this linear estimator. Under what conditions is this an unbiased
estimator?

Problem 2

We will now implement the model fit from Problem 1 using a computer program
(a) Generate the data x[n] for N = 500, σ = 0.5, f = 0.2, and φ = 1
(b) Find the value of the parameter φ for 3 different values of φ0: 0.5, 0.8, 1.2.
(c) Repeat this experiment 103 times (different realizations of noise) and generate the histograms
of the estimated parameter values. Interpret the histograms for each value of φ0.

Problem 3

We wish to estimate the amplitudes of exponentials in the presence of noise:

x[n] =
i=p∑
i=1

Air
n
i + w[n],

where index n = [0, 1, 2, ... N − 1], and w[n] is white Gaussian noise with varianve σ2. Find the
MVU estimators of amplitudes Ai and also their covariance. Evaluate your results for p = 2, r1 = 1,
r2 = −1, and N is even.
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Problem 4

(a) Generate 100 points of mock data according to f(t) = 1/(1 + t2) + w(t) where w(t) is white
Gaussian noise with zero mean and σ = 0.1, and t ∈ [−1, 1] .
(b) We will fit a polynomial model of the form f̂(t) = a0 + a1t + a2t

2 + a3t
3.... Note that this is

a linear model. Cast this as a linear least squares problem where a0, a1, a2... are parameters to be
estimated. Write down an expression for the MVU estimator of the parameters.
(c) Numerically evaluate the parameters ai for a 4th order polynomial fit. Do not use the polynomial
fitting routines in MatLab or Python
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