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6. Relativistic Covariance
& Kinematics

Radiative Processes
in Astrophysics

Practise, practise, practise....



mid-term, 31st may, 9.15-11am

As we are now in the middle of the series of lectures, and werkcolleges -
there will be a test on your understanding so far:

This test will be OPEN BOOK - meaning, you can bring in your
lecture notes, book etc.

It will count for 25% of you final mark.

To prepare for it you should make sure you understand all the proofs in
the notes, and all the exercises for the werkcolleges. You may also like
to go over other problems in the book as further preparation.

Four-vectors

once it is established that a certain quantity is a four-vector then the
transformation properties are fully defined.

the squared length of a three dimensional vector x   (x2 + y2 + z2)
is an invariant with respect to 3-dimensional rotations

likewise, the invariance of  s2 = c2!2 = -c2t2 + x2 +y2 +z2 shows that the
quantities x, y, z & t can be considered as a vector in 4D space, and that
Lorentz transformations correspond to rotations in this space.

defining: x0 = ct
x1 = x
x2 = y
x3 = z

xµ   for  µ=0,1,2,3    define the coords of an event in space-time

Just as x, y, z form the components of a 3D spatial vector, x
xµ are the components of a 4D space-time vector x, or a 4-vector



Space-time 4-vector
The proto-type 4-vector is the separation between two space-time events:

Which transforms under a boost v/c = $ as:

Where the 4x4 transformation matrix, %, for
a boost along the x-axis is:

Summation of repeated indices is implied

Minkowski metric
Contra- & co- variant vectors can be transformed into each other by multiplying by a
4x4 matrix, called the Minkowski metric

Thus the metric can be used to raise and lower indices, and
s2 = xµxµ = -c2t2+x2 +y2 +z2 = x·x - c2t2    = "µ#xµx#

If the norm is positive, the separation is `space-like’; negative `time-like’;
and zero `null’. Since the norm is invariant a separation which is space-
like in one frame will be space-like in all inertial frames.

scalar product:

gradient operator:



4-velocity:
The coordinates of a particle are a 4-vector, as is the difference of the
coordinates at two points along it’s world line.

For two neighbouring events we can divide by the scale proper-time, d!,
between the events, ie. the interval between the events as measured by an
observer moving with the particle.

The zeroth component is:

The spatial components are:

Thus the spatial part of     is &u times the ordinary velocity whereas the time
component is &u times c.

4-velocity (contd)
The transformation of Uµ under a boost

Which allows one to transform the particles Lorentz factor &u, and
therefore also the particles speed |u| under changes in inertial frame.

2nd eqn, gives

If the particles is moving along the x-axis at the speed of light in the
unprimed frame (u1 = c) then the velocity in the unprimed frame is
u’1=(c-v)/(1-v/c)=c.



4-acceleration

The scalar product of the 4-acceleration and the 4-velocity vanishes because
the squared length of      is -c2 which is invariant

In terms of the coordinate 3-velocity, 4-acceleration is:

In the particle’s rest frame                         so A0 = 0, and therefore the norm is
just equal to the square of the proper acceleration:                       so the above
eqn gives the acceleration felt by a particle in terms of coordinate acceleration
in the observer’s frame of reference.

We can decompose 3-acceleration into components a' and a|| which are
perpendicular & parallel to velocity vector u.

4-momentum
Multiplying the 4-velocity of a particle by its rest mass m (another
invariant), gives the 4-momentum

The 4-momentum for a massive particle is a time-like vector and it’s
invariant squared length is:

For mass-less particles E2=|P|2c2, and with

The total momentum for a composite system is the sum of the 4-momenta
for the component parts, and all 4 components are conserved.



Doppler Effect
Consider a photon which in the frame of some observer has 4-momentum

If the emitter is moving with velocity              with respect to the observer
then the 4-momentum in the emitter’s frame is:

The observed energy is therefore related to the energy in the emitter’s frame:

Tensor analysis
The construction of 4-vectors is by no means an automatic process, as we
have just seen, sometimes can use a known 3-vector for the spatial part and
added an appropriate time component.

In some cases, like electric & magnetic fields, there is NO 4-vector that
corresponds to a given 3-vector.

The systematic construction of 4-vectors is best accomplished by means of
tensor analysis...

zeroth-rank tensor: a Lorentz invariant or Lorentz scalar

first-rank tensor: 4-vector

second-rank tensor: the contravariant components of a tensor T are given  
       by 16 numbers Tµ#, where as usual µ,# = 0,1,2 & 3

Tensor equations automatically obey the postulate of relativity, which
makes them an ideal tool to study the laws of nature.



Covariance of em-phenomena

if MEs are to be lorentz invariant, then c and e must be Lorentz scalars.
c is invariant from SR & it is an empirical fact that charge is invariant.

This means that the charge density ( = ene transforms so that (/E is
conserved, that is ( transforms like the time-component of a 4-vector.

Similarly the current density j transforms like the spatial components of a
4-vector so we combine ( and j, to form the 4-current:

the equation of charge conservation:

MEs in terms of the potential can also be expressed covariantly:

Field Transformations
The Lorentz gauge condition can also be expressed covariantly:

It turns out that the E and B fields are the non-vanishing parts of the
Faraday tensor Fµ# which is the anti-symmetric derivative of the 4-
potential: Fµ# = A#,µ  - Aµ,#

the transformation law for E, B is:



Fields of a uniformly moving  charge
using covariant form of MEs to find the fields of a charge moving
with constant velocity, v along the x-axis.

in the rest frame of the
particle the fields are:

where:

inverse of the transformation

Lorentz transform the coordinates

Lienard-Wiechart potentials
(see R&L p.131-132 for proof)

as functions of time

Choose field point to be, a distance b from origin
of y-axis:

A highly relativistic charge

field is strong - only when

This means that the fields of the moving charge are concentrated in the plane
transverse to its motion, in an angle of order 1/&.

Fields mostly transverse since
Ex at maximum is only ~q/b2.



Relativistic Mechanics
Having defined the 4-acceleration, we can automatically define a 4-force, Fµ

so as to obtain a relativistic form of Newton’s second law:

In the case of electromagnetism we can explicitly evaluate Fµ from the
Lorentz force:

Our Lorentz 4-force should involve the em-fields, given by tensor Fµ# and the
particle velocity given by the 4-velocity Uµ and should also be a 4-vector and
proportional to the (scalar) charge of the body, simplest possible:

Using top eqn, we can determine the tensor eqn of motion of a charge particle

Emission from relativistic particles
Now use relativistic transformations to find the radiation emitted by a
particle moving at relativistic speeds.

Given this we would like to express the power in a covariant form

Larmor gives:

The total emitted power is a Lorentz invariant:

Because &

In the instantaneous rest frame of the emitting particle, a0
’ = 0



angular distribution
in the instantaneous rest frame of the particle, let us consider an amount of
energy dW’  that is emitted into the solid angle d)’ = sin*‘d*‘d+‘ about the
direction at angle *’ to the x’ axis.

for convenience

since energy & momemtum form a 4-vector, the transformation of the energy
of the radiation is:

from the aberation of light:

since

Emitted & Received Power
The power emitted in the rest frame P’ is found simply by dividing dW’ by the
time interval dt’. However in frame K there are two possible choices for time
interval used to divide dW:

2. dtA = &(1-$µ)dt’     this is the time interval of the radiation as received by
     a stationary observer in K.

1. dt = &dt’     this is the time interval during which emission occurs in K



Angular Distribution

K K'

given:

It follows by expansion that:

in the instantaneous rest frame of the particle the angular distribution is
given by the Poynting vector multiplied by the solid angle

use to relate ,’ to the angles in frame K

using                          and the previous results

apply to an emitting particle

Difficult in general, so we consider 3 special cases



acceleration   velocity

Special cases

Using, from the aberation of light:

acceleration    velocity

extreme relativistic limit

when & >> 1 the quantity (1 - $µ) becomes small
in the forward direction, and the radiation
strongly peaks in this direction

for parallel-acceleration the
received radiation pattern is:

for perpendicular acceleration:

Special cases (contd)



Dipole parallel to direction
of acceleration

Dipole perpendicular  to
direction of acceleration

Angular Distribution of Radiation

More Invariant Quantities
Consider a group of particles occupying a slight spread in position and
momentum at a particular position.

In a co-moving frame, they occupy spatial volume, d3x’ = dx’dy’dz and a
momentum element d3p’ = dP’xdP’ydP’z
The group occupies an element of phase space, dV’ = d3p’d3x’

Any observer not comoving with the particles will determine the same phase
space, in the frame dV = d3pd3x

Proof, p. 145-146 R&L

Lorentz invariant phase-space density of photons, f = dN/dV  related the
specific intensity, I#

= Lorentz invariant =



Moving absorbing medium

To find the transformation of absorption coefficient, consider material in a
frame K streaming with velocity v between two planes parallel to x-axis. Let
K’ be the rest frame of the material.

The optical depth ! along the ray must be an invariant since e-! gives the
fraction of photons passing through, simple counting.

= Lorentz invariant

Transformation of sin* can be found by noting that #sin* is proportional
to the y-component of the 4-momentum ky, but both ky and l are the same
in both frames, being perpendicular to the motion, #-# = lorentz invariant.

For the emission coefficient, j# = -# S# = Lorentz invariant


